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Abstract. Controllability questions for discrete-time nonlinear systems are addressed in this paper. In particular,
we continue the search for conditions under which the group-like notion of transitivity implies the stronger and
semigroup-like property of forward accessibility. We show that this implication holds, pointwise, for states which
have a weak Poisson stability property, and globally, if there exists a global “attractor” for the system.

1. Introduction

This paper continues the study, initiated in [4] and then developed in [1], of some control-
lability properties of discrete-time nonlinear systems, of the type:

z(t +1) = f(z(t),u(t), t=0,1,2,..., 1)

where z(t) € X and u(t) ¢ U. We will deal, as in the above-mentioned papers, with
the class of invertible systems, that is with those systems for which the function f(-, ) is
a diffeomorphism. Such systems arise, for instance, when dealing with continuous-time
models under digital controls via sampling. For futher motivations of the study of this class
we refer to [4].

If 3 is a system of type (1), and xg is any state, then we can define the reachable set
from xo, R(zo), and the orbit from zo, O(xo). We will see later (section 2.1) the precise
definition of these objects; intuitively, R(xz¢) is the set of all those states that can be reached
from z using arbitrary controls, and O(zg) consists of all those states to which we can
steer zg using both the motions of ¥ and negative-time motions. The concept of reachable
sets 1s certainly more natural than the concept of orbits, since negative-time motions are not
allowed. However, orbits are usually easier to study—they arise from group actions—and
they have nicer properties. For instance, it is known that each orbit has a natural structure
of submanifold of A’

This paper studies some relations between these two concepts. In particular, we will focus
our attention on the relation between the notion of forward accessibility (i.e. int R(zg) # @)
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and the weaker notion of transitivity (i.e. intO(zo) # $). We would like to see when
transitivity implies forward accessibility. It is a classical result, in the continuous-time
framework, that this implications holds always for analytic systems, and under some ap-
propriate Lie-rank conditions in the O case ( this fact is often called the “positive form of
Chow’s Lemma”). For discrete-time systems it is known that, in general, this implication
fails. However, for analytic discrete-time systems, there are some cases in which it has
been already established that transitivity implies forward accessibility. For instance, this
is known when f is a rational map (see [5]), or when x; is a positively Poisson stable
point for a some fixed diffeomorphism f(-,ug) (see [1]). In this paper we will strengthen
considerably this iast result, by proving the implication when xg has a weak type of Poisson
stability. Moreover it is shown that transitivity implies forward accessibility when there
exists a transitive state 2y which is also a global “attractor” for 3 .

The paper is organized as follows. In section 2 we introduce some basic definitions
and notations. In section 3 we associate to a discrete-time system ¥ some families of
vector fields whose orbits will be correlated to the geometry of reachable sets and orbits.
These families of vector fields are an extension of those considered in the previous work
[1],[2], [3], [4]; we consider their introduction one of the main contributions of this paper.
Section 4 presents some of the connections between the sets of vector fields so introduced
and reachability. In section 5 we prove partial results for smooth systems. Finally, in section
6, which deals with the analytic case, we give our main results.

2. Basic definitions

In this paper we study discrete-time nonlinear systems ¥ of the type (1), where the state
space X and the control space U satisfy the following properties:

e X isaconnected, second countable, Hausdorff, differentiable manifold of dimension n,

e Uisasubset of R™ such that I/ C clos int U, and any two points in the same connected
component of U can be joined by a smooth curve lying entirely inint U (except possibly
for endpoints).

Notice that when U C IR then the second assumption on U is automatically satisfied.

The system is of class C*, with k = 0o or w, if the manifold X is of class C* and the
function f : X x U — X is of class C* (i.e., there exists a C* extension of f to an open
neighborhood of X x U in X x R™). We call systems of class C°° smooth systems and
those of class C* analytic systems.

Definition 1. A system ¥ is said to be invertible if for all v € U, the function f,, : X — X
with f,(z) = f(z,u) is a diffeomorphism.

We will be dealing with the class of invertible systems. For each u € U, we will denote
by £} the inverse function of f,.

From now on, and unless otherwise stated, we assume that a fixed smooth invertible
system X is given.
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2.1. Some notations

For any fixed state = and any nonnegative integer k define:

Vke() = fu,,.u(7) o))
where u = (ug,...,u1) € U¥, and where f, ..., denotes fy,o---ofy,. If there exists
an integer k > O and a u = (uy, ..., u;) € U¥ such that ¢ ,(u) = z, we will write:

T

For each u, let py, ,(u) be the rank of %”»bk,z [u]. For each z € &, let:

— , : 3
Pa := max max py.s(u) 3

Let:
R(z) = {z}
Rf(z) = {z|z7z}, k=12, .,

RF(z) is the set of states reachable from z in (exactly) k steps. The following sets will also
be very helpful:

Rk(fl') = {'lpk,:z(u) | uc Uka ,Dk;,;c(u) = ﬁ-’ﬂ}’

which represents the set of states that are maximal-rank reachable from z in (exactly) k
steps, and

BHw) = {$ro(u) |u € UK, ppq(u) =n)

which represents the set of states that are nonsingularly reachable from z in k steps. We
fet:

R(z) = U R*(z)

£>0

and analogously for B(z) and R(z). R(z) is the set of states reachable from z. The set
R(z) is always nonempty, but the set R(z) may be empty.

Recall that ¥ is said to be forward accessible from x if and only if int R(z) # @. It can
be proved that, for analytic systems ¥ |

U comnected = Vaz € X, R(z) isdensein R(z). 4)

For the proof of (4) we refer to Proposition 3.3 of [1]; the basic idea is to combine the
analyticity assumption, which guarantees that the set of control sequences giving maximal
rank is open and dense, with the assumption that I/ C clos int U, which gives that for each
u € U there exists a sequence u,, € intU converging to u.
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We also define the controllable set to x, and the orbit from x, as follows. Let:
C%z) = {z}
Ck(z) := {zlz7z} k=12,...,
then the controllable set to x is:

C(z) := | C*().

k>0
Let:
@) = {z)
Of(z) = {z]|35€O0% Y and (upzor 27 2)}, k=12,...,

1 1

then the orbit from x 1s:

O(z) = | O* ().

k>0

The system ¥ is said to be backward accessible from x if and only if int C(z) # @; ¥ is
said to be rransitive from z if and only if int O(z) # 0.

The following Lemma states a well known criterton for forward accessibility (for the
proof see Proposition 3.2 in [1]).

LEMMA 1 Let ¥ be a smooth invertible system. For each x € X, the following are
equivalent:

1. int B(z) £ b,
2. intR(z) # 0.

There is an analogous result for the transitivity property.

LEMMA 2 Let Y be a smooth invertible system. Then, for eachx € X, and for any positive
integer k the following properties hold:

1. intO¥(z) # 0if and only if there exist a sequence of control values u = (u, . . ., k),
and a sequence € = (€1, .. ., €x), with €; = %1, such that, the following map:
U :UF = X0 (v1y...,05) = fikormofgi ()

has full rank at w.

2. intO(z) # P if and only if there exists a positive integer k such that the previous
conditions are satisfied for this k.
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Proof: We prove 1. The sufficient part follows easily from the Implicit Function Theorem,
so we need to see the converse. Notice that O% () is given by the union, over all the different
sequences of length &k of +1’s, of the images of maps of the type ¥.. Thus, arguing by
contradiction, since this union is countable, the neccessary part follows by Sard’s Theorem
and the fact that a countable union of set of measure zero has again measure zero. The
second claim follows immediately from the first, by a similar argument. [ ]

3. A new class of vector fields associated to systems

Some Lie algebras of vector fields L, L~, L*, ", ', I't were introduced in [4] (see also
[2] and [3] for previous work) to study the controllability properties of invertible systems.
Here, using the same vector fields, we will define slightly different Lie algebras, which
allow us to derive stronger resulis.

Let X be a given smooth invertible system. First, foreachu € U, andeachi = 1,...,m,

we let X1, and X7 ; be the following vector fields:
+ 9 ~1
Xu,i(z? - a.. fu Ofu‘f-v(x)? (5)
Ov; |,
_ 0 1
Xu,'i(m) = 8vi 0 fu o fu—i—v(x)‘ (6)

Given a vector field Y and a control value v € U, we can define another vector field from
Y by applying the change of coordinates given by the diffeomorphism f,,,

(AdyY)(z) = (dfu(2)) 'Y (ful2)). ™
Here df, stands for the differential of f, with respect to z. This is sometimes called
the “pull-back of Y under the diffeomorphism £, In the same way, but now using the
diffeomorphism f; !, we also define Ad,'. We let:

Ad S Y = AdS, - Ad: Y. (8)
We define now:
It = {Adygu, X 51k >0, 1<i<m, ug,...,u; € U},
I~ = {Ad, 0 Xy k>0, 1<i<m, ug,...,us € U}, (9)

I o= {AdEIS X2 >0, 1<i<m, ug,...,uz € Ueg,..., e = =1},

These previous definitions are the same as those given in [4].
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For any finite sequence of controls p = (vy, ..., vy), we will denote by |u| the length &
of this sequence. Now, for any such u we define the following Lie algebras:

LE = Lie{X],, Ady, -+ Ady, X[, |1 <1<k, 1<i<m, ue U},
L7 = Lie{X], Ad," - Ad X | 1<I<k 1<i<m, uelU} (10)
L, =Lie{X, Ad} - Adg X[, |1<i<k, 1<i<m, a==%l, ueU}

Notice that, if o = (0,...,0), then the previous Lie algebras coincide respectively with
the Lie algebras Lg’, L, , and Ly, defined in [4].

The way in which these algebras of vector fields will be used is as follows. We will
show that the integral manifolds that they give rise to help in describing the geometry
of the sets R(z), C(z), and O(z), in the sense that the corresponding motions (forward
and/or backwards) of our system lie in these orbits (see Propositions 3 and 4 given below).
Moreover we will see that the notions of forward and backward accessibility, as well as
transitivity, are related to the full dimensionality of the tangent subspaces at each point,
corresponding to these families of vector fields (see Proposition 7).

Along these lines, the following two results were proved in [4], Corollary 4.4 and Theorem
2 part (a) respectively. We repeat their statements here for the convenience of the reader.

PROPOSITION 1 Let 3 be a smooth invertible system. Ify € R(z), and dimLie ' (y) =
n, then X is forward accessible from x.

PROPOSITION 2 Let X be a smooth invertible system, then the following conditions are
equivalent:

1. X is forward accessible fromall x € X,
2. dimI'*(z) =n forallz € X,

3. dimLiel'*(z) =n forallz € X.

4. Some general properties

Definition 2. Amap h: X — X is balanced (with respect to the glven system X ) if it can
be written as flo---ofick for some u; € U, ¢; = 1 and with EZ 1€ =0.

LEMMA 3 Assumethaty = s ofek (), withu; € U, ¢; = £l foreachi=1,.. k.
Consider the partial sums:

li:Zej for i=1,...,k.
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Assume that I, = 0, and letl = max { |l;| |1 =1,...,k}. Pick any sequence vy,...,v;
of elements in U. Then one can write:

Y = gro- - og1(z), (11)
where each g; is a balanced map of the form:

gi = hofSiok?,
and, for each i =1, ...k, the maps h* and k* have the form:

hi — fa(l fa(l)

V(i)

B o= fv?gvlo---of;a(i)

and o) = £1, |p(i) —v(i)| = L.
Proof: Leta{i) = sgn (I;) € {0,1, —1} and write also o = 0. Fori = 1,.. ., k, define:

g; = hzofzz ok‘i

as follows:
3 Qg1 Qg1
ko= fou e ofu
h’i = v_lai_lo- of-ulaz 1.

The g; are balanced maps, since /; = ¢; + {;_;. Moreover, by definition, it holds that:
E = (hH"t =2 ...k
We now prove, by induction on %, that:
gio+ og1 = hloffio- - ofSl. (12)

Ifi =1,thenly = ¢; and ly = 0, so (12) is obvious. The induction stepfori > 11s
provided by:
giow+og1 = (hlofiiok™) (B Tofgizto offl) = hloffic...ofcl

Ui— Uuy*

Now, since I, = 0, h* = identity, so (12) gives the desired conclusion. |

If A is a set of smooth vector fields and z € X, we denote by Orb A (z) the orbit of A
passing through z. Recall that, by definition, y € Orb a(z) if and only if there exists an
absolute continuous curve v : [a,b] — X such that v(a) = x, v(b) = v, and there exist
tiwitha =ty < t; < --- <t, = b, and vector fields X; € A such that v restricted to
[ti,ti41] is an integral curve of X; or —X;.
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The following fact about continuos-time systems is well known, we repeat it here since it
is needed in the proof of the next Proposition. Let 3 be a continuous-time system described
by the following set of controlled differential equations:

#(t) = f(z(t),u(t)). (13)

(For a precise definition of continuous-time systems see for instance [7], [8], or [6].) Given
two states 1, T2, we say that z; can be controlled to x5 if there exist some interval [0, 77,
T > 0, and an essentially bounded measurable map u(-) defined on [0, T, such that the
solution of the differential equation (13) with this u(-), and with z(0) = x1, is defined on
all the interval [0, T'], and z(T") = z,. We say that x5 is weakly reachable from z; if there
exists a finite sequence of states z; = x3, 23,...,2r = Zg such thatforeach! =2,...,k
either z_1 can be controlled to z; or 2; can be controlled to z;—1. Let:

A = {f(u)luev-
Given these notations, the following fact holds (for the proof see Proposition 2.16 in [7]):

LEMMA 4z is weakly accessible from zo < x1 € Orb a(z2).

The following result generalizes [4] Proposition 5.2, which deals with the very special
case in which g =0,...,0.
——
k

PROPOSITION 3 Let k be any nonnegative integer. Assume that ¥ is a smooth system with
connected U. Then:

1. R¥(z) C Orb L: (y) for all y € R*(x) and for all p with |u| > k,

2. Ck(x) COrb Ll (y) for all y € C*(z) and for all p with || > k — 1.

Proof: Note that in the above statements, it is always sufficient to prove the inclusion for
any particular y in R¥(z) o, for the second part, in C*(z), since Orb 4 (2) = Orb a(y) if
z € Orb a(y), for any set of vector fields A.

We prove now the first part. Let z € R¥(z). Then:

2= fuyor+ofu(2),

for some (u1,..-,uy) € UF. Now take any p with || > k, gt = (v1,- o, Uks oo oy V)
and consider the state:

Y= fuoo- - ofu.(x) € R*(z).

We will prove that z is in Orb ; - (y). We have:

2= furorrofurofylteofl(¥).
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Y=z

Figure 1. Case with k = 4.

We can write the previous equation as:

z = gro---ogi(y),
where:
g = fuofi!
{gi = fuor -ofu jofuofs e rofyt  fori=2,... k.

Letting zp = 2z, and, fori = 1,...,k, z; = g{l(zi_l), we have z; = y (see Fig. 1).
We prove that z; € Orb | - (z,_1), from which the desired conclusion follows by transi-
3
tivity.

Given the assumptions on the set U, for ¢ = 1,...,k, there exist smooth curves oy
[0,T] — U, such that o;(0) = v;, a;(T) = ug, and o;(t) € intU. Let
Vilt) = foror - ofuof i molat o ofoi (2im1), (14)

fori=1,...,kandt € [0,7).
Note that y;(0) = z;—1, 1:(T) = z;, and, for any fixed ¢,
’)/7'(1“’ + E) = fvlo e ofmo C;.l(t_i_e)(qi):
where

G = folo o f 5 (Zim1) = Fasyofirto oy ().



244 FRANCESCA ALBERTINI AND EDUARDO D. SONTAG

Therefore:

13, o _ _ -
2l) = ool ofueefuof g tamedite o f 5 (n(E)

m (15)
= =Y al(HAd} - AdIXE L (D),
j=1

where «; is the j—th component of the curve o;. Foreach1 =1, ..., k, we may interpret
equation (15) as the equation of a continuous-time system with state trajectory ;{¢) and
control {a;{t), a1 (t),..., &, (t), so by Lemma 4 it follows that z; € Orb ;—(2z;_1), as
desired. ’

Now we prove the second part. The proof follows the same lines as the proof of the first
part. Let z € C*(z). Then:

z = ;110---of1;€1(:13),
for some (u1,...,ux) € UF. Now take any p with [g| > k=1, p = (v1,...,0-1,

Vg, ---,v). (If |u| = k — 1, we choose vy, arbitrarily; it will be clear later that we need vy,
only for technical reasons.) Let y € C*(z) be the following state:

Y= folo- ofy{z).

We will prove that z is in Orb LE (y). We have:
z=frlorofulofuorofu,(y)-

We can write the previous equation as:
z = gio-ogk(y),

where:

g = fu_llofv1

-1 -1 -1 e
gi = v1 o---ofvi_lo w; Ofvio"'val fOI‘ 2 —2,...,1{5.

Letting z;, = y, and, fori = 1,..., k, zk—; = gr—i+1(Zk—i+1), We have (see Fig. 2):

20 = Z
_ -1 -1 g1 ,
Zi—1 = f’ul D"'of'ui,1° g Of’l)iol"ofﬂl(z'b)'
To prove our statement, it is now sufficient to show that, for i = 1,...,k, 2,1 €

Orb 7+ (zi)-
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v
3
A’
4
X

u4
Figure 2. Case with k = 4.
As before, foreach ¢ = 1,..., k, there exists a smooth curve ¢; : [0,7] — U such that
a;(0) = v;, ;(T) = uy, and a;(t) € intU. Let
’Yi(t) = 'u_11° ceeo Jiilof;i}&t)ofvio ce of,u1 (Zi), (16)

fori=1,...,kandt ¢ [0,7].
Arguing as in the first case, we conclude:

0 5} - _ -
5%71'(?5) = 52 |€:0 U11° e viilOfai1(t+€)°fa¢(t)°fvi—1° T °fU1 (%(t))

i, a7
= - Za'lij (t)Ad'Ul " 'Advz‘—lxc;:(t),j (Fyi(t))'
a=I1

We now give a similar result for the zero-time orbit of a point 2. We introduce the
following notation:

L)
Oiz) = {y=fio-ofit(x) 520, =0, u €U,
; i=1 (18)
and | el <k Vi=1,...,s},
=1

withk e Z, k > 0.
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PROPOSITION 4 Letk be any nonnegative integer, and assume that 3. is a smooth invertible
system with connected U. Then, for all z € X, ally € OY(z), and all sequences of control
values p with {| > k, we have:

0%(x) C Orb 1, (y).

Pro}:)f. Notice first that z € O%(z), by using the empty sequence. We will prove that for
each «,

0%(z) € Orb (). (19)
The general statement follows from this, since y € O {z) C Orby, (z) implies
Orb g, (z) = Orb,(v).
Lety € OY(z). Then:
v = foerof ()

with 37 ;€ =0and k > | 21 €| forany j =1,...,s Now take any p with |u} > &,
= (V1y--+, Uk, ..., V|y)- We cannow apply Lemma 3, with [ = k, and we obtain:

y = gso - og1()-
Here, each g; is a balanced map of the form:
ali) ofi) —a(t) ... poald)
f f’l)“( ) ’U,., f u({) f'Ul

with () = +1, and |p(4) — v(3)| = 1. Now let:

20 = X
zigr = Gir1(z) fori=0,...,5-1
thus z, = y (see Fig. 3).
Let p(i) = max{u(i), v(i)}. Given the assumptions on the set U, foreach ¢ =1,...,s,

there exists a smooth curve 3; : [0,T] — U, such that §;(0) = vy, 8i(T') = w;, and
Bi(t) € intU. Let:

(t) = 0o o 5D oS il e o fo™ i) 20

fori =1,...,s and t € [0, T)]. Thus it holds that v;(0) = z;—1 and ;(T") = z;. To prove
(19), it is enough to establish that z;_y € Orb 1, (2:).

If (i) = 1 and p(i) = (i), then necessarily ¢; = —1. Thus equation (20) is of the same
type as equation (14), and, as in (15), we may conclude that:

0 = _ _
5571'(75) = _Zlﬁ;’?(t)AdU Adv L )X‘g;(t),j(')/i(t))’
J:
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X=Z,

Figure 3. Case with s = 6, k = 3,

where 3;; denotes the j—th component of the curve 3;. If o(¢) = 1 and p(i) = v(4), then
necessarily ; = 1. In this case, instead of considering the curve v;(t), we consider the
following curve:

V) = £ o5 af ot o 10 (), (21)
which joins z; to z;_1. Since equation (21) is again of the same type as equation (14), now
we can conclude as before.

If a(i) = —1 and p(i) = v(i), then necesarily ¢; = —1. Thus equation (20) is of the
same type as equation (16), and, as in (17), we may conclude that:

a m
500 = =D B (DA, - Ady, X1 ) ((t):

j=1
Finally, if a(i) = —1 and p(¢) = u(%), then necessarily e; = 1. So we can argue as before
by considering the curve ;"' (t) instead of ;. [ |

5. New results on accessibility

In this section we present some new results for systems with connected control space U.

PROPOSITION 5 Let ¥ be any smooth invertible system. If y € R*(z), and u =
(v1,...,vk) are such that:

Y= foo- "°ka(x)’
then

dim LieI'" (z} > dim L, (y). (22)
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Proof: Assume that dimL,(y) = r, and let ¥3,...,Y, be vector fields in L, so that
{Yi(y),...,Y:(y) }is a basis of L, (y). Without loss of generality, we may assume that
each Y; is a vector field involving Lie brackets of a finite numbers of vector fields of the
type:

+ + -1 -1
Xy or Ady, - Ady X5, or Ad,7---Ady, XIJS,
withi < k, and i; € {1,...,m}.
Consider, for - =1,.. ., ~, the following vector fields:

Z; = Ad,, -+ Ad,, Vi
These are linearly independent at z; in fact:
Ady, ---Ady,Yi(z) = d(fuor - ofu) (@)Yilfuro - ofu ()
= d(fo,0ofu,) H2)Yily)-
Moreover, it follows recursively from the fact that, for any two vector fields X and Xo,
Ad,[X1, Xo] = [Ad,X,Ad, X3}, forany veU,

that Z, € LieI't foreachi = 1,...,r. Thus (22) holds. [ ]

Definition 3. For any nonnegative integer k, and for x € A" we say that:
1. zis k—forward accessible if int R*(z) # §,
2. = is k—backward accessible if int C*(z) # 0,

3. xis k—transitive if O} (z) is open.

Recall that if o = (v1,...,v%) is any finite sequence of controls, then we will denote by
| 2] the length K of this sequence.

PROPOSITION 6 Let ¥ be a smooth invertible system, with connected U. Then:
1. if z is k—forward accessible, then for all pwith |u| > k — 1, Orb Lt (x) is open;
2. if x is k—backward accessible, then for all p with |u| > k, Orb Ly (z) is open;

3. ifz is k—transitive, then for all pwith |p| > k, Orb 1, (z) is open.

Proof: (1) Since x is k—forward accessible, there exists an open set V contained in RE(z).
Let pp = (v1, ..., Vk=1,Vk, - - -, V1), where if |u| = k — 1, we choose vy, arbitrarily, since it
will be clear later that vy, is needed only for technical reasons. Let

W = ,0_110' ‘ ofq;;l(v>
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We will prove that W C Orb Lt (z), from which (1) follows.

Pick any y € W, then there exists z € V such that y € C*(z). Moreover, since
z € R*(z), we also have z € C*(z); thus, applying the second result in Proposition 3, we
can conclude:

y € Orb Lt (x)

as desired.
(2) We proceed as in (1). Thus if u = (vy, ..., vk, .., v)y)), weiet V, W be two open
sets chosen so that:

vV c CHax),
W = f‘ulo"'oka(v):

and we will prove that W C Orb - (z).

Pick any y € W, then y € R*(z) for some z € V. Moreover, we also have = € R*(z);
thus, applying the first result in Propositon 3, we can conclude:

y € Orb ;- (z)

as desired.
(3) This part is an obvious consequence of Proposition 4, since z € O{z) implies:

0%(z) c Orb L. (z).

Thus Orb 1, (z) is open. ]

6. Analytic case

Throughout all this section we asssume that an analytic invertible system ¥, with connected
control space U, is given. All the results presented here hold under these assumptions.

PROPOSITION 7 Denote by p a sequence of control values.

1. If x is k—forward accessible then for all p with || > k — 1, dim Lt (x) =n.

2. If x is k—backward accessible then for all pp with |y > k, dim Li(z) =n.

3. If zis k—transitive then for all p with || > k, dim L,,(z) = n.
Proof: We will prove only the first statement; the second and the third follow using the
same arguments. Since X is analytic, applying a theorem of Nagano (see [9], section 9, or

[7], Theorem 5), we know that the distribution associated to L+ is integrable. Moreover, if
z is k—forward accessible then, by the first result in Proposmon 6, we have that Orb ; + (z)

is open. Thus we can conclude that dim ij () = n, as desired. [ ]
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PROPOSITION 8 Ify € RY(z), and vy is k—transitive for some k < I, then:

dimLieI'" (z) = n.

Proof: The statement is an immediate consequence of Proposition 5, and Proposition 7
part 3. n

We say that a system ¥ is bounded transitive if there exists a nonnegative integer £ such
that O%(z) has non-empty interior for all z € X. Notice that if O*(z) has non-empty
interior then, clearly, O3, () is open. Thus the following Corollary is a consequence of the
previous Proposition and of Proposition 2:

COROLLARY 1 If % is bounded transitive, then X is also forward accessible. |

Remark 1. Notice that if the state space X is compact, ¥ transitive implies ¥ bounded
transitive. To see this fact we argue as follows. For each z € X, denote by &, any positive
integer such that z is k, —transitive. Then, by continuity, there exists an open neighborhood
O, of z such that if y € O,, then y is k,—transitive. These open sets {O, }zcx cover X.
Let {Oy, }i=1,...1 be a finite subcover. Then, letting & = max{ky, }i=1,....., we have that
O¥ () has nonempty interior for all z € X; thus ¥ is bounded transitive.

So, in particular, the previous result implies that, if the state space X is compact, then a
system X is transitive if and only if it is forward accessible. This result was proved in a
very different way before, see [1] Theorem 2.

Definition 4. Given z € X, we let:

w(-r) = {7.:/ €X | amnk € Rnk(m)a Tn, 2 Y, Ttk — OO}

Note that, for control space consisting of only one element, U = {u}, the previous
Definition is the standard w-limit set.

PROPOSITION 9 Jfy € w{z) and y is transitive, then dimLie Tt (z) = n.

Proof: Since y is transitive, there exists a nonnegative integer & such that O (y) is open.
Thus there exists a neighborhood W of y, such that O%(z) is open for all z € W. Since
y € w(x), there exists § € R'(z) NW with ! > k; thus, by Proposition 8, we conclude the
desired result. n

Recall that if Y is a vector field on a manifold X, one says that € X' is a positively
Poisson stable point for Y if and only if for each neighbourhood V' of x and each T > 0
there exists some ¢t > T such that e*¥ (z) € V, where ¥ () represents the flow of Y.

Analogously, one can define positive Poisson stability in discrete time, for a given dif-
feomorphism f : X — X, as done in [1]. Next we define a generalization of this concept
to systems.
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Definition 5. Given a system X, , the point x € X is said to be positively Poisson stable for
Y if and only if for each neighbourhood V' of z and each integer N > 0 there exist some
integer £ > N, and (vy,...,v;) € U¥ such that fy, o+ ofy, (z) € V.

The following result generalizes [1] Theorem 1, which deals with the very special case
of states which are positively Poisson stable for the diffeomorphism fo. The proof in this
case requires the full machinary just introduced.

THEOREM 1 Letx € X be a positively Poisson stable point for ¥ . Then x is transitive
if and only if x is forward accessible.

Proof: Nofice that z positively Poisson stable for ¥ means that z € w(z). Thuos from
Proposition 9, we know that if z is transitive then dim Lie ' () = n. So there exists a
neighbourhood W of z such that dimLiel't (y) = n for all y € W. Since z € w(x),
and, since by the analyticity assumption R(z) is dense in R(x) (see (4), there exists some
yeWn I:E(I}A Thus we can conclude that z is forward accessible, using Proposition 1.
The other implication being obvious, the statement is proved. |

Definition 6. Given a system ¥, we say that 2 is weakly asymptorically controllable to a
state T if T € clos R(x) forall z € X,

Remark 2. Saying that £ € clos R(z) is not equivalent to saying that there exists a fixed
infinite sequence u;, 1 > 0, such that the sequence z; = f,, ... 4, (z) converges to &, notion
which is sometimes is called asymptotic controllability. Our notion is weaker, in fact, as it
1s proved in the next Lemma, it is equivalent to Z € w(x), which, in general, implies only
that a subsequence of the z;’s converges to Z.

LEMMA 5 Assume that (Z,%) € X x U is not an equilibrium pair, that is, f(Z,4) # Z.
Then the following properties are equivalent:

1. ¥ is weakly asymptotically controllable to Z,

2. Tew(x)forallr e X.
Proof: Obviously (2) implies (1); thus we need only to establish the converse. Let W, be

a sequence of neighborhoods of T such that if z,, € W, then z,, — Z. We may assume

that Wy = X. We will prove, by induction, that for any = € X, there exists a sequence
{2 }n>p such that:

Zn € RE(YNW,  with k, > & (23)

Clearly, frcm (23}, Property 2 follows.

Pick any x € X. Define tg = x, and kg = 0; then 2o € R¥0 (x) N Wy. Assume that we
have already defined zq, ..., z,_;. We let:

_ { flzn_1, 1_6) if f(a:n_l,ﬂ) #* T
Ty =
f(f(In-l)a)7ﬂ) if f(mn—laﬁ) =z
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then &, # Z. By assumption there exists some x,, € R*"(&,) N W, for some k, > 0.
Thus z,, € RE» ()N W, with k, = kn1 + 1 + kq, if Z,, was defined in the first way,
and k, = k,_1 + 2 + k,, otherwise. In any case, we have k, > n since k,—; > n — 1.
Thus (23) holds. | |

We now obtain one of our main results:

THEOREM 2 Let ¥ be an analytic invertible system. If ¥ is weakly asymptotically con-
trollable to T, and T is transitive then X is forward accessible fromall x € X.

Proof: Unless we are in the trivial case X = {Z }, T transitive implies that there exists % such

that f(Z,u) # Z. Thus, by Lemma 5, € w(z) for all x € &, which, using Proposition

9, gives dim Lie ' (x) = n for all z € X. So the statement follows from Proposition 2.
|

Example. Let’s consider the following class of systems:
Y:oz(t+ 1) = Az(t) + Bur(t) + g(z(t), ua(t)),

with X = R®, U = R™ x R™2, u; € IR™, and where A, B are matrices with
AeR™™”, and B € R™™ ™. Assume that g is an analytic function such that:

g(z,0) =0 VzelX.

It is easy to see that the assumption that (A4, B) is a stabilizable pair implies that ¥ is
weakly asymptotically controllable to 0. Recall that (A, B) stabilizable is equivalent to say
that there exists a matrix ' ¢ IR™'*" such that the matrix A + BF' is Hurwitz, i.e. all
its eigenvalues have negative real part. So the previous Theorem applies in this case, in
particular, we have the following conclusion:

If A, B is a stabilizable pair and X is transitive from O then
Y. is forward accessible from all z € X',
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