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We study the problem of designing a controller that satisfies an arbitrary number of affine inequalities at every
point in the state space. This is motivated by the fact that a variety of key control objectives, such as stability,
safety, and input saturation, are guaranteed by closed-loop systems whose controllers satisfy such inequalities.
Many works in the literature design such controllers as the solution to a state-dependent quadratic program
(QP) whose constraints are precisely the inequalities. When the input dimension and number of constraints are
high, computing a solution of this QP in real time can become computationally burdensome. Additionally, the
solution of such optimization problems is not smooth in general, which can degrade the performance of the
system. This paper provides a novel method to design a smooth controller that satisfies an arbitrary number of
affine constraints. The controller is given at every state as the minimizer of a strictly convex function. To avoid
computing the minimizer of such function in real time, we introduce a method based on neural networks (NN)
to approximate the controller. Remarkably, this NN can be used to solve the controller design problem for any
task with less than a fixed input dimension and number of affine constraints, and is completely independent
of the state dimension. This is why we refer to such NN approximation as a NN-based universal formula for
control. Additionally, we show that the NN-based controller only needs to be trained with datapoints from a
bounded set in the state space, which significantly simplifies the training process. Various simulations showcase
the performance of the proposed solution, and also show that the NN-based controller can be used to warmstart
an optimization scheme that refines the approximation of the true controller in real time, significantly reducing
the computational cost compared to a generic initialization.

1. Introduction 1.1. Literature review

Control Lyapunov Functions (CLFs) [1,2] provide a powerful tool
to achieve the stabilization of nonlinear control systems. For control-
affine systems, CLFs prescribe an affine inequality in the system input
at every state. By design, controllers that satisfy this inequality, such
as the pointwise minimum norm controller [3] or the CLF universal
formula [4], ensure stability of the closed-loop system. More recently,
Control Barrier Functions (CBFs) [5-7] have been introduced to achieve
safety requirements for nonlinear control systems. Similarly to CLFs,

Modern autonomous systems, ranging from self-driving vehicles
to aerospace systems, are usually subject to a variety of operational
requirements. These include, but are not limited to, trajectory tracking,
disturbance rejection, stabilization, and guaranteeing state and input
constraints. Although there exist technical tools to design controllers
that satisfy each of these specifications, combining them into a single
controller that meets all of them is often challenging. For example, con-

trol Lyapunov (respectively, barrier) functions define state-dependent
input constraints that guarantee stability (respectively, safety) of the
underlying control system. However, designing a smooth control law
that satisfies all such constraints and can be computed efficiently in
real time is significantly difficult. Addressing this problem is the main
motivation for our work here.
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CBFs also prescribe affine inequalities in the input at every state for
control-affine systems, and various safe control designs leveraging this
inequality have been proposed [5,8,9]. Affine inequalities in the input
also arise if control authority is limited (as is always the case in prac-
tice), or if stability needs to be guaranteed in fixed time [10]. Often, it
is common to face scenarios where the controller must meet multiple
objectives, which are encoded by multiple affine inequalities in the
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input. There are also a variety of works in the literature that design
controllers in this setting. For example, the CLF-CBF QP in [6,11]
includes both affine constraints in a quadratic program (QP), whose
solution defines the desired controller. Alternatively, [12] unites a CLF
and a CBF into a unique function, called control Lyapunov barrier
function (CLBF), and uses the known CLF universal formula to derive
a controller. Other control designs include [13], which use penalty
methods to impose one of the inequalities as a hard constraint and the
other one as a soft constraint, [14], which defines a formula based on
the centroids of the two feasible sets defined by the two inequalities,
or [15], where different CBF constraints are united into a single one by
designing a smooth approximation of the intersection of the different
safe sets.

However, the aforementioned approaches only lead to a controller
that can be obtained in closed-form or in a computationally tractable
manner for a low number of constraints [16,17]. To the best of our
knowledge, there does not exist an approach in the literature for
obtaining a controller with such properties for an arbitrary number
of state-dependent affine constraints. This problem raises intertwined
theoretical, practical, and computational challenges. Theoretically, the
solution of the QP should be computed at every state, which is impossi-
ble in practice. This has led to the use of sampled-data implementations
of such controllers [18-20]. Even with a sampled-data implementation,
from a computational standpoint, solving the QP in real time becomes
burdensome and the mismatch between the computed solution and the
actual one may degrade system performance.

The problem of designing such a controller is even more challenging
if it is required to be smooth. The use of smooth controllers is motivated
by theoretical reasons (e.g., existence and uniqueness of solutions
and use in backstepping designs [21]) and practical considerations
(e.g., avoidance of chattering behavior in digital platforms). Although
the existence of an infinitely-times differentiable controller satisfying
an arbitrary number of affine state-dependent constraints is guaranteed
by [14, Proposition 3.1], a constructive method for finding such a
controller is lacking. In fact, optimization-based designs such as the
QP in [6] can fail to be locally Lipschitz (as exemplified by Robinson’s
counterexample [22]) or even continuous [23], and additional con-
straint qualifications are needed in order to ensure their regularity [22,
24].

Our work here is also related to a line of research that uses neu-
ral networks (NNs) to approximate the solution of model predictive
control (MPC) problems [25-28]. In the case of linear dynamics and
affine input and state constraints, the solution of such MPC prob-
lem is known [29] to be piecewise affine, but computing it explic-
itly is difficult because the number of regions grows exponentially
with the number of constraints. These works show that an approxi-
mate solution computed offline with a NN can be used to warmstart
the MPC optimization problem online and considerably speed up its
computation.

Statement of contributions

We study the problem of designing a smooth controller that sat-
isfies an arbitrary number of affine constraints at every point in the
state space. In our first contribution we introduce a novel controller
that generalizes the CLF universal formula and satisfies all the affine
inequalities. Such controller is different from other existing CLF/CBF-
based controllers in the literature. We show that such controller is
smooth, and can be computed as the minimizer of a strictly convex
function which has not been introduced elsewhere in the literature.

Since a closed-form expression for the controller is not available for
cases with more than one constraint, our second contribution consists of
a numerical scheme to approximate the controller using NNs. Although
similar schemes have been introduced elsewhere in the literature to
approximate other controllers, we show that in our case, remarkably, a
single neural network (appropriately trained with parameters equal to
the coefficients of the affine inequalities) is enough to obtain controllers
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for any task involving systems with the same input dimension and the
same number of inequalities, regardless of the state dimension. Addi-
tionally, we show that such NN approximation can be obtained by only
sampling data points over a compact set of parameters, and that the
NN-based approximate controller is smooth (by taking the activation
functions of the NN to be smooth). Although such approximation is
not guaranteed to be close to the true controller and to satisfy the
inequalities at every point, the universal approximation theorem of NNs
ensures that it becomes an arbitrarily good approximation of the true
controller as the number of parameters of the NN increases. Addition-
ally, using recent advances in training NNs with hard constraints (such
as HardNet [30] or IT-net [31]), the NN can be trained so that the
NN-based controller satisfies the affine constraints at every point by
construction, although in that case it is not guaranteed to be smooth.
Furthermore, in real-time control applications, the NN approximations
can be used to warmstart an optimization scheme to compute the true
controller with higher accuracy.

Finally, in our third contribution we use the NN approximations
in two safe stabilization tasks, both directly and as a warmstart of an
optimization scheme to compute the true controller value. We show
that the use of the NN significantly reduces the execution time of the
controller compared to other standard controllers in the literature such
as the minimum-norm CLF-CBF QP controller [6], which need to be
computed online by solving an optimization problem at every state.

Notation
We denote by Z., and R the set of positive integers and real
numbers, respectively. For N € Z,, we write [N] = {1,..., N}. Given

I € Zyy and S c R", the set of /-times continuously differentiable
functions in S is denoted by C'(S). Vectors are represented by boldface
symbols whereas scalars are represented by non-boldface symbols. The
zero vector in R” is denoted by 0,,, and the identity matrix of dimension
n X n, by I,. Given x € R”, ||x|| denotes its Euclidean norm. A function
p : R - Ris of class K if (0) = 0 and g is strictly increasing. If
moreover, lim,_, , f(t) = oo and lim,_,_, f(f) = —0, then g is of extended
class K. A function V : R" — R is positive definite if ¥ (0,) =0, and
V(x) > 0 for all x # 0,. The ball centered at p € R” with radius r > 0
is denoted by B,(p). Let F : R” — R” be a locally Lipschitz vector field
and consider the dynamical system x = F(x). Local Lipschitzness of F
ensures that, for every initial condition x, € R”, there exists T > 0 and a
unique trajectory x : [0,7] — R” such that x(0) = x, and x(r) = F(x(¢)).
If all solutions exist for all 7 > 0, then we say the dynamical system
is forward complete. In this case, we let @, : R" — R” denote the
flow map, defined by ®,(x) = x(t), where x(7) is the unique solution of
the dynamical system starting at x(0) = x. Given a forward complete
dynamical system, a set £ C R” is (positively) forward invariant if
x € K implies that @,(x) € K for all + > 0. A point p is Lyapunov
stable if, for every open set U containing p, there exists an open set U
also containing p such that for all x € U, @,(x) € U for all t > 0. An
equilibrium point p is asymptotically stable if it is Lyapunov stable and
there exists an open set U containing p such that ®@,(x) - p as t —» o
forallx € U.

2. Problem statement

Consider a nonlinear control-affine system of the form

X = f(x) + g(x)u, (@)

where f : R” - R"” and g : R" — R™ are locally Lipschitz, with
x € R” the state and u € R” the input. We assume that f(0,) = 0,, so
that the origin is an equilibrium of the unforced system. The following
motivating examples provide instances on how state-dependent affine
inequalities in the input arise when designing controllers aimed at
meeting specific control objectives.
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Example 2.1 (Control Lyapunov Function for Stabilization). A contin-
uously differentiable positive definite function V' : R" — R with
compact level sets is a control Lyapunov function (CLF) if there exists
a neighborhood D of the origin such that for all x € D, there exists
u € R” such that

V@' f(x)+ V) gxu+ W(x) <0, @)

where W : R” — R is a positive definite function. A locally Lipschitz
controller k : R” — R™ such that u = k(x) satisfies the inequality (2)
at every x € D renders the origin of the closed-loop system x =
f(x) + g(x)k(x) asymptotically stable. e

Example 2.2 (Control Barrier Function for Ensuring Safety). Let C c R”"
be a safe set of interest, and suppose that C is given by the 0-superlevel
set of a continuously differentiable function 42 : R” - R, i.e., C={x €
R" : h(x) > 0}. This function is a control barrier function (CBF) of C if,
for every x € C, there exists u € R” such that

VAT f(x) + VAX)T g(x)u + a(h(x)) > 0, 3)

where « : R — R is an extended class K, function. A locally Lipschitz
controller k : R" — R™ such that u = k(x) satisfies the inequality (3)
at every x € C renders the set C forward invariant for the closed-loop
system x = f(x) + g(X)k(x). -«

Examples 2.1 and 2.2 provide two illustrations of control-theoretic
properties (stability and safety) that can be achieved by designing
controllers that satisfy state-dependent affine inequalities in the input.
In general, one can have an arbitrary number of such affine inequalities
to encode, for instance, safety constraints related to collision avoidance
with different obstacles in the environment.

Formally, let N € Z,, and for i € [N], letq; : R" > R, ; : R" -
R™ be functions for some / € Z,,. Let F be the set of points where
the inequalities {;(x) + b;(x)Tu < 0}y are simultaneously strictly
feasible, i.e.,

F:={xeR":JueR” s.t
a;(x) + b;(x)Tu < 0, Vi € [N]}.

Throughout the paper, we make the following assumptions:

Assumption 1 (Regularity). The functions {a;,b;}"  belong to C'(R")
for some ! € Z,.

Assumption 2 (Feasible Set). The set F is non-empty.

Since F is the projection in R” of the open set {(x,u) € R" x R" :
a;(x) + b;(x)Tu < 0, Vi € [N]}, F is also open. In the case where N =2
and the two inequalities correspond to the strict versions of the CLF
and CBF inequalities (2) and (3), respectively, we have

a)(x) = VV )T f(x)+ W (x),
b(x) = g(®) VIV (x),

ay(x) = =VhX)" f(x) — a(h(x)),
by(x) = —g(x)" VA(X).

In this case, the property that 7 # @ (cf., Assumption 2) is known as
strict compatibility of the CLF and CBF pair, cf. [14,32]. [14, Proposi-
tion 3.1] is an extension of Artstein’s Theorem (cf. [33]) showing that
if 7 is non-empty, there exists a C*® controller k : 7 — R” such that
a;(x) + b;(x)Tk(x) < 0 for all x € F and all i € [N]. The proof of this
result, however, is not constructive, which is undesirable for the real-
time control of the nonlinear system (1). Hence, in this paper we set
out to solve the following problem.

Problem 1. Design a smooth controller that satisfies the constraints
a;(x)+b;(x)Tu <0 foralli € [N] and all x € F.
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3. A universal formula for an arbitrary number of affine con-
straints

In this section we introduce a smooth universal formula for a
controller satisfying an arbitrary number of affine inequalities. Let
Ap,...,Ay € Rand B|,....By € R"™. Let p = (A,,...,Ay.B,,....By)
and define K, :={keR" : 4, +BiTk <0, Vi € [N]}. Note that K, is a
convex polytope. Now, define the function J;, : K, - R as

N

1B, 11% + [Ik|I
B == 2 BT @

i=1

Our first result shows that J, is strictly convex.

Proposition 3.1 (Strict Convexity). Let p € RN*™N. The function J,, is
strictly convex in the convex domain K.

Proof. Let J;, : P — R be defined as

L L

T, (k) = .
»® 2(A; +BK)

Note that the Hessian of J; , is given by

—-I'(k)

V27, (k) = —————,
P (A;+B]K)3

where I'(k) = (4,+B]k)’L,—(kB] +B k" )(A; +B]K)+(||B;||*+||k[|*)B,B] .
« Proving that I'(k) is positive definite:
Let us show that x" I'(k)x > 0 whenever x € R"\{0,,}. This is true if
and only if

(A; + BT [Ix]I? - 2(4; + BT K)(B; k) (k x)+
(IBIIZ + [K[H)(B]%)* > 0,

for all x € R™\{0,,}. Let z = BiTx. We want to show that the scalar
quadratic function in z given by (4; + B]K)?|Ix||? - 2(4; + B K)(k"x)z +
(1 + ||k||?)z2 is strictly positive for all x € R™\{0,,}. Note that the
discriminant of the quadratic is

A=4(A,+BT10 (k02— k|11~ I 1B, )

By the Cauchy-Schwarz inequality, (k'x)*> < |k|?||x||>. Therefore,
(k"x)? — |Ik||?[Ix]I> = [Ik]|?|IB;||*> < O unless B, = 0,, (in which case
A4; + BT |x]1? — 2(4; + B x)z + (1 + [k[|*)z2 > 0 for x # 0,)
or x = 0,. This implies that A < 0 unless x = 0,, and therefore the
quadratic (4; + B K)?||x]|? - 2(4; + BTK)(k"x)z + (1 + [Ik||*)z? is strictly
positive for all x € R"\{0,,}. « Proving that J,, is strictly convex:

Since I' is positive definite, this means that VZJ,.,P(k) is positive
definite for all k € K, and Jip is strictly convex in K. Since Jpk) =
Zl’i 1 Jip(K), J,, is the sum of strictly convex functions and is therefore
also strictly convex in £,. [

Since J,, is strictly convex in K, by Proposition 3.1, and J, goes to
infinity as it approaches the boundary of K, it follows that J,, has a
unique minimizer in K. Let

P={peRV*"N : K, 0}

Then, we let k* : P - R™ be the function mapping every tuple p € P
to the unique minimizer of J,, in K,. The following result shows that
the mapping k* is smooth.

Lemma 3.2 (Smoothness). The function k* is C®(P).

Proof. Since p € P, K, # 0. First note that since lim_,q, Jp(K) = oo,
k*(p) is finite for all p. Since J, is strictly convex, continuous in K,
and k*(p) is its unique minimizer, there exist neighborhoods N}, N, of
k*(p) and a constant M > 0 such that if k € N, then Jp(k) < M, and if
k ¢ N, then Jp(k) > 2M. Now, since Jo is continuous with respect to p,
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there exists a neighborhood W), of p such that for any p € V,,, we have
that if k € NV then J5(k) < %, and if k ¢ N, then J, (k) > % Hence,
k*(p) € N for all p € NV,,. Now, define the function J : Ny x N} = R
as J(p,k) = J,(k). Note that since k* is the minimizer of Jps it satisfies
the equation %(p, k*(p)) = 0,, for all p € N;. Additionally, note that
since Jj, is strictly convex as shown in Proposition 3.1, ‘;z—i(f), k*(p)) is
non-singular. Now, by the Implicit Function Theorem [34, Proposition

1B.5], since J is C*®, k* is also C* at p. This argument is valid for any
peP. [

Therefore, k* is C* and satisfies the constraints A; +BI.Tk*(p) < 0 for
all i € [N] and p € P. Define now the controller u* : ¥ — R" by

u*(x) = k" (a1 (X), ..., an(X), b1 (X), ..., by (X)). 5)

Note that x € F implies that (a;(x),...,ay(x),b;(X),....by(X)) € P.
Therefore, u* is C'(F) and satisfies the constraints a;(x) + b;(x) T u*(x) for
all i € [N] and x € F, solving Problem 1.

Remark 3.3 (Connection with CLF Universal Formula). A noteworthy
property of the controller u* is that when N = 1, m = 1, and the
constraint corresponds to a CLF constraint that is satisfied strictly,
i.e., with a;(x) = VV(x)T f(x) + W (x) and b;(x) = VV (x)T g(x) for some
CLF V and positive definite function W, then k* equals the well-known
universal formula [4] for stabilization. Indeed, the minimizer of Jp
can be found by solving the nonlinear equation VJ,(k) = —ﬁ
BI+?

mBl = 0. By solving the resulting quadratic equation, one
1 1

obtains the CLF universal formula:
Aj+y/A2+B}

k* (A1, B =4~ B ’
0, otherwise. .

if B, #0,

Remark 3.4 (Dynamical Controller). Instead of computing the mini-
mizer u* at every state, one can choose to run the following dynamical
controller:

X = f(x) + g(X)u, (6a)
u= - w), (6b)
oJu

where J(x,u) = J,(u) and 7 > 0 is a design parameter. Then, by using
singular perturbation theory [35, Chapter 11], one can show that for
sufficiently large , the evolution of the state variable x according to (6)
can be made arbitrarily close to the evolution of the state variable for
X = f(x) +gXu*(x). -«

Remark 3.5 (Alternative Universal Formula). Given a vector of positive
weights w € RN (i.e., with components w; > 0 for all i € [N]), one
can instead consider a variation of the function J, where each of the
summands is assigned different weights:

N 2 2
70 = - Z w, IIZB,II + IITkII .

= (4; + B, k)
By following an argument analogous to the one in the proof of Proposi-
tion 3.1, it follows that J ¥ is strictly convex in K, and therefore it has a
unique minimizer in £, which defines an alternative smooth function
satisfying all the constraints. e

The following result shows that for safe stabilization problems, even
though u* is not defined at the origin, trajectories in its neighborhood
converge to it.

Proposition 3.6 (Convergence to the Origin). Let V : R" — R be a CLF,
h : R" —» R be a CBF of a safe set C C R". Let N =2 and define a,(x) =
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V)T f(x) + W(X), bj(x) = gX)TVV(X), ay(x) = =VhX)" f(X) — ah(x),
by(x) = —g(x)T VAh(x). Suppose that there exists k > 0 such that

Op={xeR":0<VEX) <k}CF.

Let x, € O3 with V(xy) = k < k and consider the maximal solution of
x = f(x)+g(x)u*(x) in F with initial condition at x,. We let x(-;X,) be such
solution and [0, T) its interval of existence (with either T = oo or T < o0).
Then, we have

li t; =0.
Jim x(5:%0) = 0,

Proof. Suppose first that there exists a compact subset C C F such that
x(t) € C for all t+ € [0,T). Then, by [1, Proposition C.3.6], it follows
that T = . Since x(-;X,) is precompact, the omega limit set of x,
denoted as w*(x;) is non-empty. Since V is a LaSalle function in O, for
all £ € w*(xy) we have V(&) = 0. However, since & € ot (x)) € O3, we
have V(£) < 0, reaching a contradiction. Therefore, there exists no such
set C. Let ¢ > 0 and consider the set C.;, = {x € R" : ¢ < V(x) < k}.
Since C, is a compact set contained in F, there exists t;, € (0,T) such
that x(7;;%)) & C.x- Let t; = maxy{s < 1; : x(s:%)) € C Vs < t}.
First note that V(x(ty;x,)) = k is impossible. Indeed, for such a 7, we
have V(x(19;x¢)) < 0, so V(x(t;x)) > V(x(t;;%p)) for all ¢t € [ty — &,1,]
for some small enough € > 0 (by continuity of V), and therefore
V(x(t;Xy)) > k for t € [ty — €,1,], which contradicts the definition of 7.
Since V (x(1y; X()) = k is impossible, we necessarily have V (x(zy; x,)) = €.
Since V (x(t;x,)) < 0 for all ¢ € [0, T), we conclude that V (x(t; X)) < € for
all t € (t,,T). Since ¢ is arbitrary, we necessarily have lim,_; x(7;x,) =
0, O

Moving beyond the case of one constraint discussed in Remark
3.3, the controller «* is not available in closed form if multiple con-
straints are present, and therefore its implementation requires solving
a minimization problem at every x. Although J, is strictly convex and
therefore u*(x) can be found by using off-the-shelf convex solvers, this
computation needs to be done at every state in continuous time, which
is not possible in practice. Instead, one often implements a sample-
and-hold version of the controller at a sufficiently high frequency.
However, computing the minimizers at such high frequencies becomes
computationally burdensome and puts into question the validity of the
convergence guarantees. This motivates our ensuing discussion.

4. Neural network approximation of the universal formula

In this section, we present an approach to avoid the computational
burden of solving a minimization problem at every state to compute
the controller «* defined in (5). Our approach is based on computing
an approximation of the controller k* using a NN. This NN needs to
be trained with input-output pairs of the form (p, k*(p)), with p €
P c RN+"N_ However, this presents a challenge because the set P is
potentially unbounded, which means that the set of possible inputs p
to the NN is unbounded. The following result resolves this issue by
showing that the values of J, can be inferred by only looking at a
bounded subset of RN+"N

Lemma 4.1 (Scaling Property of Cost Function). Let p = (4,...,
Ay.By,....By) € P, q = (4,,...,Ay,B,,....By,r) € P x[0,1] and
define the function J, : K - R as

N R o2 2
- I1B;11° + k|l
70 = - 3 WP
& 2(4;+B]k)
Then, fq is strictly convex in Kp. Furthermore, given p = (Ay,...,

Ay,By,....By), let

®=(2 L)_(ﬁ Av B B_NL)
aWw=(3775)= G R )
where M = max{|A,|,...,|Ax]. |lIB]l, < Byl 1} Then J,,(k) = fq(p)(k)
for dll k € Kp. As a consequence, if k* : P x[0,1] - R™ denotes the
function that maps each q € P X [0, 1] to the minimizer of fq, we have
k*(p) = k*(q(p)) for all p € K.
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Proof. The proof that fq is strictly convex follows an argument
analogous to that of Proposition 3.1. Given p = (4, ..., Ay, B}, ....By),
note that
2 2
) N IIB II + IIkII
Joo (k) =
aw Z 24, +BTk)
B,|? + |Ik|?
=_LG e IKE
M & 2(A; +B]k)

Therefore, the minimizers of fl-, and J, are the same. []

Lemma 4.1 shows that by approximating k* with values of q in 7 =
([-1, 11N x B,(0,)N) NP x[0, 1], we can recover any value of k*. There-
fore, our approach consists in approximating the minimizer of fq with
a NN for q in the set 7. Since P is an open set, 7 is not compact. Given
that the universal approximation theorem of neural networks [36] is
only valid in compact sets, it does not apply to 7. However, for any
compact subset of 7 (which we can take to be arbitrarily close to
T), the universal approximation theorem ensures that a NN with a
sufficiently large number of parameters can approximate k* arbitrarily
well. In particular, if we are interested in the trajectories evolving on
a compact set X C F, we only require having a good approximation
of k* in the compact set q({a;(X)}Y A {bi(z\’)}i’il). Note also that by
choosing the activation functions of the NN to be smooth, the resulting
approximation of k* is C*(P), and therefore the approximation of the
controller u* is C'(P).

Remark 4.2 (Applicability for Multiple Controllers). Note that once we
have obtained an approximation of k*, we can use it in many different
instantiations of the functions a,...,ay,b;,...,by, i.e., in a variety
of different control problems. The NN only depends on the number
of constraints N and the dimension of the input m, but remarkably,
does not depend on n, the dimension of the state. In fact, given a
NN trained with a given input dimension m and number of constraints
N, all control problems with input dimension at most m and at most
N constraints can be solved with the same NN (in case the input
dimension is strictly less than m or the number of constraints is strictly
less than N one can simply assign the coefficients of the additional
inputs or constraints so that they are trivially satisfied). In particular,
this implies the remarkable fact that all safe stabilization problems for
systems with a given input dimension can be solved with the same NN
approximation. e

Remark 4.3 (Robustness). If one of the inequalities corresponds to a
CLF inequality (2), and the corresponding CLF is an input-to-state stable
(ISS) Lyapunov function for the system (1) (cf. [37, Section 3.3]), then
if we let k be an approximated version of the controller k* (like the one
obtained by approximating it with a NN), and the bound | l?(x)—k*(x)“ <

o holds for all x € X, with X some compact set, we have

VIV ®)T(f (%) + gx)k(x))
= VV®)T(f(x) + g0k (X)) + 1(0),

for some class K, function y. A similar result holds if the inequality is a
CBF inequality (3) and the CBF defining it is an input-to-state safe (ISSf)
barrier function for the system (1) [38, Theorem 1]. Therefore, CLF
and CBF inequalities are robust to approximation errors induced by the
NN and therefore the NN-based controller, when applied to safety and
stability tasks, makes the closed-loop system close to safe and stable,
respectively. We would also like to point out that under the assumption
that the nominal vector field f(x)+ g(x)k*(x) is Lipschitz, the difference
between the trajectories of the closed-loop under k* and the closed-
loop under its NN approximation k can be upper bounded in terms of
the magnitude of the approximation error ¢ [35, Theorem 3.4]. In the
case where the nominal vector field f(x)+ g(x)k*(x) is contracting, even
stronger error bounds can be derived [39, Corollary 3.17]. -«
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Remark 4.4 (Hard-constrained NN). We should also point out that the
recently introduced HardNet [30] and I7-net [31] methods show that
by including a projection step at the output layer of the NN, the NN
predictions can be guaranteed to satisfy a set of affine constraints.
Hence, exact stability and safety guarantees (as opposed to ISS/ISSf
guarantees, cf. Remark 4.3) can be achieved by utilizing these methods.
Although the universal approximation guarantees are retained, the
projection operation in the last layer makes the controller obtained
from it locally Lipschitz but not C!(F), for I > 1. Hence, the existing
NN approximation methods under hard constraints impose a trade-off
between smoothness and constraint satisfaction. In general, the prob-
lem of devising NN architectures that produce smooth approximations,
have universal approximation guarantees, and satisfy hard constraints
is an interesting line of future research, highly relevant to our work
here. -«

Remark 4.5 (Computational Complexity). Here we discuss how our ap-
proach scales with respect to the control dimension m and the number
of constraints N. As shown in [40], the number of NN parameters
needed to provide an approximation of order ¢ > 0 for the function
k* (which has dimension N(m+1)+1 is @(e~V™)). In terms of inference
time, the complexity of executing a NN-based controller is proportional
to the number of parameters of the NN, but is much faster in practice
thanks to GPU parallelization. However, as mentioned in Remark 4.2,
the advantage of the NN-based controller is that once it has been
obtained for a given m and N, all tasks with up to m inputs and N
constraints can be solved with the same NN. In comparison, the CLF-
CBF-QP [6], requires computing the solution of the QP in real time.
As shown in [41], the complexity (measured as the worst-case number
of floating point operations) of solving the QP using an interior-point
method is of order O((m+ N)3 \/Z). In practice, since the number of NN
parameters is smaller than O((m + N)3 \/E), this makes the NN-based
controller computationally cheaper. -«

5. Simulations

In this section we illustrate our approach in different simulation
examples. We train NNs to approximate k* as detailed in Section 4.

We focus on the cases m = N =2 and m = N = 10, and we train a
different NN for each case.

For the case m = N = 2, we use a feedforward NN with 4 layers
(with input dimension 7 and output dimension 2), each with 64 neu-
rons, and we use the Sigmoid Linear Unit (SiLU) activation function ¢ :

R — R given by ¢(s) = W [42], which is a smooth approximation

of the ReLU activation function. The NN is trained with the Adam
optimizer with learning rate 3 x 1073 for 2000 epochs using a dataset
with 25113 data points. Each data point q consists of a uniformly
randomly sampled point in ([—1, 1] x B,(0,) X [=1, 1] x B,(0,) X [0,1]) n
P c R’ (to do so, we first uniformly sample a point from [—1,1] X
B1(0,) x [-1,1] x B{(0,) x [0,1] and then check whether the corre-
sponding 2 inequalities are feasible with the QP solver of the cvxpy
library in Python [43]), along with the corresponding minimizer of
the function fq. We compute such minimizer up to a tolerance of
10~% by numerically integrating the gradient flow k = -VJ,(k) using
Python’s solve_ivp function in the SciPy library [44]. We also train
the same NN architecture with the HardNet method from [30], which
includes a projection step at the output layer and guarantees that the
NN predictions satisfy the two affine constraints (cf. Remark 4.4).

For the case m = N = 10, we use a residual NN with 6 layers
(with input dimension 111 and output dimension 10), each with 256
neurons (except for the last one, that has 128), and also SiLU activation
function. We follow an analogous process to the case m = N = 2 to

1 The code and additional details of our simulation can be found at https://
github.com/Bluernat/Neural-Network-based-Universal-Formulas-for-Control.
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Fig. 1. (left) Trajectories of the closed-loop system obtained from the neural
network based controller for Example 5.1. (right) Trajectories of the closed-
loop system obtained from numerically finding the controller «* online and
warmstarting the solver with the NN-based controller for Example 5.1. Initial
conditions are denoted by red crosses, the origin is the black dot, and the
green region denotes the unsafe set. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)

generate the training dataset, and also train the same NN architecture
with the HardNet method. All simulations were run in an Ubuntu PC
with GPU P100.

Example 5.1 (Safe Stabilization of Single-Integrator System). Consider a
single integrator in R”,

X=u. @)

Suppose that our goal is to design a controller that stabilizes the system
to the origin, and stays in the safe set C = {x € R" hi(x) =
Ix — ¢l - r’.2 > 0, i € [i]}, where 7i € N is the number of obstacles.
Note that V(x) = %||x||2 is a CLF for (7). We further take the positive
definite function W in (2) to be W (x) = 0.1||x||2. First, we consider the
case n=m=2and i =3, with¢; =(0,25), r; =1,¢, =(-2,-2), r, =1,
c; = (2,-2), r; = 1. We let h(x) = h;(x)h,(x)h;(x), which can be shown
to be a CBF of C. We consider the extended class K, function « in (3)
to be a(s) = s. Next, we take a;(x) = 0.1||x[|%, b;(X) = X, ay(x) = —h(X),
and b,(x) = —VA(x). By using [13, Lemma 5.2], we can show that the
inequalities a;(x) + b;(x)Tu < 0, a,(x) + b,(x)Tu < 0 are simultaneously
feasible at all points in C where x and VA(x) are linearly independent.

In this setting, we can use the pretrained NN with m = N = 2. Fig. 1
compares the trajectories obtained by directly applying the NN-based
controller in closed-loop and using it to warmstart an optimization
scheme to compute u* online. We observe that using the NN-based
controller induces trajectories that are safe and converge to a small
neighborhood around the origin, for the chosen initial conditions.
Instead, the trajectories that use a controller obtained by numerically
computing »* online with the NN controller as a warmstart asymptot-
ically converge to the origin (instead of a neighborhood of it) and are
also safe. The same is true for the controllers obtained from the HardNet
method, the CLF-CBF QP, or the computation of u* online with the
CLF-CBF QP as a warmstart.

Next, we consider the case n = m = 10 and 7 = 9, with r; = 0.8 for
i € [9] and {ci}?=1 located at [—2.5,2.5]'9. In this case, we consider CBFs

- 2
hi(x) = 8(1 — MIW)’ and consider the extended class K, function «

in (3) to be a(s) = s. We further define a;(x) = —h;(x), b;(x) = —Vh;(x)
for i € [9] and a;4(x) = 0.1]|x|?, b;y(x) = x (although as mentioned
in Remark 4.2, the same trained NN can be used for any other set of
obstacles defined through parameters {r,-,c,-}?=1 (as well as any other
system with m = 10, N = 10)). Note that V(x) = %llx“2 is a CLF and
hi(x) = 8(1—

2
||x_r_L||2) is a CBF for i € [9]. By using an argument analogous

to that of [13, Lemma 5.2], the inequalities {a;(x) + b;(x)"u < 0}10

i=1’
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Fig. 2. (top) Evolution of min,c h;(x) along different trajectories induced
by the NN-based controller from different initial conditions (IC). (bottom)
Evolution of ¥ (x) along trajectories induced by the NN-based controller.

are simultaneously feasible at all points where the vectors {x — c,-}?=l

and x are linearly independent. Hence, the set of points where such
inequalities are infeasible has measure zero.

In order to improve prediction accuracy, we finetune the pretrained
NN (with 40 000 samples and only adjusting the weights in the last NN
layer) with the given system dynamics, CLF and CBFs.

Given that in this case the dimensionality of the system is too high
for the trajectories to be visualized, in Fig. 2 we plot the evolution of
the minimum value among all CBFs, as well as the evolution of the
CLF under the NN-based controller. Even though this controller does
not have safety or stability guarantees, the plots show that safety is
satisfied in practice, whereas stability holds for a neighborhood of the
origin. We also note that although u* is guaranteed to decrease the CLF
at every point, its NN approximation can result in a slight increase of
the CLF value, specially for small values of the CLF, as seen in Fig. 2
(bottom). On the other hand, the same plots for trajectories obtained
with the HardNet-based controller (cf. Fig. 3) show that in addition to
safety, the CLF is monotonically decreasing for all times. «

Example 5.2 (Safe Stabilization of Unicycle with Drift). Consider the
following control system, modeling a unicycle with drift navigating on
the plane:

x=vcos(d), y=-y+vsin@), 6=,

with u = (v, ) being the control input. Suppose that our goal is to
design a controller that stabilizes the system to the origin and stays
in the safe set C = {(x,y,0) € R? : h(x,y.0) = —y+ 2x + 1)> +1 > 0}
(this example is taken from [14, Section VII]. Take the positive definite
function W(x,y) = 0.1(x> + y* + 6%) and a(s) = s. Now, using the
inequalities (2), (3), we can define b;(x,y,0) = (xcos(9) + ysin(6),0)
a,(x,¥,0) = —y*+0.1(x>+y>+62), by(x, y,0) = (—4(2x+1) cos(8)+sin(8), 0),
ay(x,y,0) = —y—2h(x, y). As shown in [14, Section VII], the inequalities
ay(x,y,0)+ bi(x,y, 6)Ta <0, ar(x,y,0) + by(x, y, 6)Tu < 0 are simultane-
ously feasible in all of C\{0,}, so C\{0,} c F. Since the dimension of
the input is 2 and we have 2 constraints, we can use the same NN as
in Example 5.1, even though the state dimension is different. Fig. 4
compares the trajectories obtained by directly applying the NN-based
controller in closed-loop and using it to warmstart an optimization
scheme to compute u* online. In this case, both controllers induce safe
trajectories that asymptotically converge to the origin. Table 1 reports
the execution times of various controllers for this example as well. -«
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Table 1
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Average execution times (+ standard deviation) in milliseconds over the trajectories in Fig. 1 for different controller implementations. The first column refers to
the controller obtained directly as the prediction of the NN. The second column refers to the controller obtained as the prediction of the NN when trained with
the HardNet method from [30]. The third column refers to the controller obtained by solving the CLF-CBF QP from [6] (using the cvxpy library in Python [43]).
The fourth (resp. fifth) column refers to the controller obtained by finding the minimum of the function fq using a numerical solver (the solve_ivp function
in Python’s SciPy library) and warmstarting the solver with the CLF-CBF QP (resp. the NN prediction).

NN HardNet CLF-CBF QP controller u* with CLF-CBF QP warmstart u* with NN warmstart
Time (ms) 0.053 +0.01 0.2 +0.08 1.72+£0.18 6.9+20 47+12
Example 5.1 (n=N =2)
Time (ms) 0.680 + 0.08 0.823 +0.09 2.38+0.37 20.38 +8.35 18.07 £7.16
Example 5.1 (m= N = 10)
Time (ms) 0.05+0.01 0.2+ 0.04 172 £0.18 29+19 13£09
Example 5.2
16 — e —— 1 Table 1 reports the execution times of various controllers. The
14 €2 =—=1lc4 cce cce NN-based controller is the fastest, but does not possess safety and
12\ stability guarantees, and is only approximately optimal (i.e., the NN
A A\ approximation introduces a suboptimality gap). The HardNet-based
é\ : \ _ controller is one order of magnitude slower but has safety and stability
AN —— _::_\>§ — guarantees by construction, remaining only approximately optimal. The
) CLF-CBF QP controller and the controllers obtained by computing u*
of = online are significantly slower than the NN-based controller, but are
0.0 25 5.0 75 100 125 150 175 20.0 safe, stable, and optimal (in the sense that they minimize the QP cost
Time (<) or J,, respectively) by construction up to numerical errors. It is also
el T8 e il worth noting that warmstarting the numerical solver to optimize fq
10! with the NN prediction also improves its computational time compared
Nz to warmstarting it with the CLF-CBF QP.
p
]
§ 100 6. Conclusions, limitations, and future work
— We have studied the problem of designing a controller that satis-
0.0 25 5.0 7.5 Ti%%fis) 125 150 175 200 fies an arbitrary number of affine inequalities at every point in the
state space, which arise when enforcing safety, stability, and input
Fig. 3. (top) Evolution of min,c k,(x) along trajectories induced by the constraints. We have provided a novel universal formula for controllers

HardNet-based controller from different initial conditions (IC). (bottom) Evo-
lution of V' (x) along trajectories induced by the HardNet-based controller.

Fig. 4. (left) Projection in the (x,y) plane of trajectories of the closed-loop
system obtained from the neural network based controller for Example 5.2.
(right) Projection in the (x,y) plane of trajectories of the closed-loop system
obtained from numerically finding the controller 4* online and warmstarting
the solver with the NN-based controller for Example 5.2. Initial conditions are
denoted by red crosses (and all have an initial orientation 6, = = + 0.1), the
origin is the black dot, and the green region denotes the unsafe set. Black
arrows indicate the orientation of the unicycle (i.e., the @ variable) at that
point of the trajectory. Observe that the velocity v could be negative, so that
at points near the right of the target, the vehicle is “backing up”. We also note
that due to the presence of a drift term in the y dynamics, the orientation of
the unicycle might not be tangent to the trajectory. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

satisfying such affine inequalities. The control input is given at every
state as the minimizer of a strictly convex function. To avoid the com-
putation of such minimizer in real time, we have introduced a method
based on NN to approximate it. Remarkably, this NN is universal in the
sense that it can be used for any control task with input dimension and
number of constraints less than some fixed value, and can be trained
with data from just a small subset of the state space. We have shown
the performance of the controller and its NN approximation in various
simulation examples. Future work will test our proposed approach to
systems with high-dimensional states and inputs, or a high number
of constraints. We also plan to extend the proposed methodology to
non-affine constraints.
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