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Check for updates

Jana L. Gevertz 1,7, James M. Greene2,7, Samantha Prosperi3,7, Natacha Comandante-Lou4 &
Eduardo D. Sontag 3,5,6

There is growing recognition that phenotypic plasticity enables cancer cells to adapt to various
environmental conditions. An example of this adaptability is the ability of an initially sensitive
population of cancer cells to acquire resistance and persist in the presence of therapeutic agents.
Understanding the implications of this drug-induced resistance is essential for predicting transient and
long-term tumor dynamics subject to treatment. This paper introduces amathematical model of drug-
induced resistance which provides excellent fits to time-resolved in vitro experimental data. From
observational data of total numbers of cells, the model unravels the relative proportions of sensitive
and resistance subpopulations and quantifies their dynamics as a function of drug dose. The
predictions are then validated using data on drug doses that were not used when fitting parameters.
Optimal control techniques are then utilized to discover dosing strategies that could lead to better
outcomes as quantified by lower total cell volume.

The ability of cells and tissues to alter their response to chemical and
radiological agents is a major impediment to the success of therapy. Such
altered response to treatment occurs in infections by bacteria, viruses, fungi,
and other pathogens, as well as in cancer1–4. Despite advances in recent
decades, this reduction in the effectiveness of treatments, broadly termed
drug resistance, remains poorly understood, and in some circumstances is
thought to be inevitable5.

One of themost clinically important examples of drug resistance is that
involving the treatment of cancer via chemotherapy and targeted therapy.
Drug resistance is a primary cause of treatment failure, with a variety of
molecular andmicroenvironmental causes already identified6. For example,
the upregulation of drug efflux transporters, enhanced DNA repair
mechanisms, modification of drug targets, stem cells, irregular tumor vas-
culature, environmental pH, immune cell infiltration and activation, and
hypoxia have all been identified as mechanisms which may inhibit treat-
ment efficacy4,6–14. A vast amount of experimental and mathematical
research continues to shed light on our understanding drug resistance. An
excellent “roadmap” article (which also includes references to a number of
relevant mathematical models) summarizes state-of-the-art approaches to
understanding the role of both non-genetic plasticity and geneticmutations

in cancer evolution and treatment response15, while also highlighting cur-
rent and future challenges.

Aside from understanding the mechanisms by which resistance to
therapies may manifest, a fundamental question is when resistance arises.
With respect to the initiation of therapy, resistance can be classified as either
pre-existing or acquired6. The term pre-existing (also known as intrinsic)
drug resistance is reserved for the case when the organism contains a sub-
population (or a tumor contains a sub-clone) which resists treatment prior
to the application of the external agent. Examples of the presence of extant
resistance inhibiting treatments are abundant in bacteria and cancer,
including genes originating from phyla Bacteroidetes and Firmicutes in the
humangutbiome16, BCR-ABLkinasedomainmutations in chronicmyeloid
leukemia17,18, and MEK1 mutations in melanoma19. Conversely, acquired
resistance describes the phenomenon in which resistance first arises during
the course of therapy from an initially drug-sensitive population. The
question ofwhether resistance is pre-existing or acquired is a classical one in
the context of bacterial resistance to a phage20.

The study of acquired resistance is complicated by the question of how
resistance emerges. Resistance can be spontaneously (also called randomly)
acquired during treatment as a result of random genetic mutations or
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stochastic non-genetic phenotype switching.These cells can thenbe selected
for in a classic Darwinian fashion21. Resistance can also be induced (or
caused) by the presence of the drug21–27. These cells are often referred to as
“drug tolerant persisters” in the literature28. That is, the drug itself may
promote, in a “Lamarckian sense”, the formation of resistant cancer cells so
that treatment has contradictory effects: it eliminates cells while simulta-
neously upregulating the resistant phenotype, often from the same initially-
sensitive (wild-type) cells.

The fundamentally distinct scenarios in which resistancemay arise are
illustrated in Fig. 1. Note that in each of the three cases (pre-existing,
spontaneousacquired, and induced acquired), thepost-treatment results are
identical: the resistant phenotype dominates. However, the manner by
which resistance is generated in each case is fundamentally different, and the
transient dynamics (bothdrug-independent anddrug-dependent)mayvary
drastically in each scenario. As a result, the same therapeutic design may
result in different outcomes depending on the (dominant) mode of resis-
tance. Although there is experimental evidence for these three forms of drug
resistance, differentiating them experimentally is non-trivial. For example,
what appears to be drug-induced acquired resistance may simply be the
rapid selection of a very small number of pre-existing resistant cells, or the
selectionof cells that spontaneously acquired resistance21,29. It is in this realm
that mathematics can provide invaluable assistance. Formulating and ana-
lyzing precise mathematical models describing the previously-mentioned
origins of drug resistance can lead to novel conclusions thatmay be difficult,
or even impossible, given current technology, to determine utilizing
experimental methods alone.

The main goal of this work is to develop a validated mathematical
model of drug-induced resistance, and to explore the implications for
protocol design30,31. An outline of the paper is as follows. In the “Results”, we
start by describing an experimental dataset which demonstrates the
induction of resistance to BRAF inhibitors in vitro in a melanoma cell line
that harbors a BRAF mutation32,33. We next demonstrate that a modified
version of a previously-developed induced resistance model gives excellent
fits to the data across a range of drug doses on a training dataset, and well
predicts time-course data for doses in a validation dataset. The outcomes of
an optimal control study are also presented in this section. Discussion then
explores limitations of our modeling study and directions for future work.
We conclude with details of the mathematical model, computational
methods, and the formulation of the optimal control problem in “Methods”.

The main goal of this work is to develop a validated mathematical
model of drug-induced resistance, and to explore the implications for
protocol design30,31. An outline of the paper is as follows. In the Results
section we start by describing an experimental dataset which demonstrates
the induction of resistance to BRAF inhibitors in vitro in a melanoma cell
line that harbors a BRAF mutation32,33, and we then demonstrate that a
modified version of a previous induced resistance model of ours gives
excellent fits across a range of drug doses on a training dataset, and well-
predicts time-course data for doses in a validation dataset. We also present
the results of an optimal control study in this section. The “Discussion

section” has remarks and a discussion of directions for future work. Finally,
in the Methods section we review our previously-developed model of
resistance induction31 and propose several modifications to the model
necessitatedby the responseof themelanomacell line to theBRAF inhibitor,
we describe the methodology employed to fit and validate the model, carry
out an identifiability analysis, and describe in more detail the optimal
control problem that we formulated and solved in this context.

Results
Melanomas harboringmutations in BRAF, which result in excessive growth
signaling, are commonly treated with small-molecule BRAF inhibitors such
as vemurafenib, dabrafenib, and encorafenib34. These drugs prevent the
over-activation of pathways controlled by BRAF, including several types of
MAPKpathways. As with other therapeutics, resistance to BRAF inhibitors
poses a significant barrier to treatment success. Drug-induced reprogram-
ming by vemurafenib has been well-studied experimentally35.

In an effort to better understand resistance to vemurafenib, Fallahi-
Sichani et al. subjected COLO858 melanoma cells (which harbor a
BRAFV600E mutation) in vitro to vemurafenib at various drug con-
centrations before imaging the cells over the course of 84 h32. Single cell
imaging during vemurafenib exposure revealed three possible outcomes:
death, quiescence (cells survive but do not divide), and resistance (cells
survive and divide). Interestingly, if the COLO858 cells were pre-treated
overnight with a low-dose of vemurafenib before their entrance into the
higher-dosed assay conditions, greatly increased cell viability was
observed32. This finding indicates that a lower dose of drug may “teach”
tumor cells themechanismof resistance,whichwill then allow them to grow
under treated conditions that they would not have otherwise survived. They
also found that this vemurafenib resistance is reversible when non-sensitive
cells were plated in fresh drug media. Upon the return of vemurafenib to
these sorted cells’ culture conditions, resistance was re-induced, indicating
that this mechanism of resistance is both reversible and persistent32. In
follow-up work, COLO858 cells were studied in vitro under varying
vemurafenib concentrations33. An algorithmwas used to count the number
of cells, division, and death events over this time period. As in Fallahi-
Sichani et al.32, cells were observed to be in either a sensitive, quiescent, or
resistant state.

Herein, we consider cell count data from these experiments over 100 h
for COLO858 cultured at the following doses of vemurafenib: 0.032, 0.1,
0.32, 1, and 3.2 μM. Themathematical model we first utilize to describe this
data is a two-population model of the number of sensitive cells S and the
number of resistant cells R under exposure to vemurafenib:

_S ¼ rSS� dSð1� e�γ1tÞS� αð1� e�γ2tÞS ð1Þ

_R ¼ rRRþ αð1� e�γ2tÞS� dRð1� e�γ1tÞR: ð2Þ

In this model, rS and rR are the growth rates of the sensitive and
resistant population, respectively, and we assume that rS ≥ rR. dS and dR are

Fig. 1 | Three distinct ways in which drug resis-
tance may be generated. In the first row, resistance
is pre-existing, so that resistant clones are selected
during therapy. In spontaneously acquired resis-
tance, random genetic and epigenetic modifications
produce a resistant phenotype during therapy,
where again selection dominates. In the case of
induced acquired resistance, the application of the
drug causes the resistant cell to arise, so that the
mechanism is not simply random variation (e.g.
mutations) followed by classical Darwinian selec-
tion. Instead, there is a “Lamarckian” component
(gray arrow). Note that any combination of these
three mechanisms may be causing resistance in a
single patient.
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the corresponding drug-induced kill rates, with dR ≤ dS by the definition of
resistance.Drug-induced resistance occurs at the rateα and γi represents the
delay in drug action. Unless otherwise indicated, we are studying thismodel
subject to the condition that initially all cells are sensitive. More details can
be found in “Mathematical Models.

As the data33 was repeated over four replicates, we consider the mean
cell count across these replicate experiments, normalized by themean initial
cell count (see Fig. 2a), to parameterize our model. A multi-start fitting
algorithm is used to independently find the best-fit parameter values at the
training doses of 0.032, 0.32, and 3.2 μM. Doses of 0.1 and 1 μM were
withheld for validation purposes. The cost function minimized to find the
best-fit parameter values is the sum of the absolute differences:

ζ :¼
XT
t¼1

∣NmodelðtÞ � NdataðtÞ∣; ð3Þ

where Nmodel(t) = S(t)+ R(t) is the model-predicted normalized cell count
at time t, and Ndata(t) is the normalized experimental mean (across four
replicates) cell count at time t. “Mathematicalmodels”providesmore details
on the fitting algorithm.

Two-population model adequately captures dynamics over a
range of doses
Here we employ the fitting methodology described in detail in “Compu-
tational methods” to independently fit the mean normalized cell count of
COLO858cells at the trainingdosesof 0.032, 0.32, and3.2 μM.The results of
this fitting can be seen in Fig. 2b–d. We observe an excellent agreement

between the best-fit model solution and the three datasets. The optimal
parameter values are provided in Table 1.

Confidence in model parameterization is quantified in Fig. 3. As
detailed in “Computational methods”, model fitting is attempted for
M = 1000 sets of initial parameter guesses. If realization i of the fitting
algorithm converges to a parameterization for which the cost function value
ζi is within 5% of the optimal cost function value ζopt, the corresponding
best-fit parameters are classified as near-optimal. In other words, a near-
optimal parameterization is one in which the cost function value is within
this predefinedpercent from the optimal value of the cost function; it is not a
parameterization that deviates a fixed percentage from the parameter’s
optimal value. The threshold 5% was chosen by visual inspection (not
shown), as all such parameterizations seemed to provide a good fit to
the data.

Figure 3 displays the distribution of the near-optimal parameters for
drug concentrations of 0.032, 0.32, and3.2 μM.Wefind that, for eachmodel
parameter, the near-optimal values are tightly distributed about the optimal
value across the three doses, which can be interpreted as a measure of
practical identifiability of model parameters; structural identifiability is
justified in “Structural identifiability analysis”. Further, each parameter
behavesmonotonicallywith respect to dose.Wenowdiscuss the behavior of
each model parameter as a function of dose in detail.

The growth rate rS of sensitive cells is observed to monotonically
increase as a function of drug dose, with no overlap in the near-optimal
distributions across the three doses. This counterintuitive observation may
be a consequence of a relatively fast cellular response to stress (therapy),
which prompts a release of growth signals via paracrine signaling; this has
been observed in the case of pancreatic ductal adenocarcinoma upon

Fig. 2 |Data andfits for the two-populationmodel. aMean across four replicates of
the normalized cell count data from33 and model fits. Best model fits are shown at a
drug concentration of (b) 0.032 μM, (c) 0.32 μM, and (d) 3.2 μM.The estimate of the
standard error of the samplemean (SEM) across four replicates, are shown in blue in
(b–d). The relative value of the cost function is ζnorm = 11.43 for the dose of

0.032 μM, ζnorm = 14.42 for the dose of 0.32 μM, and ζnorm = 21.56 for the dose of
3.2 μM. The fitting process results in time course predictions for the respective sizes
of the sensitive (S shown in the dashed green curve) and resistant (R shown in the
dotted black curve) cell subpopulations.
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Table 1 | Definition and best-fit value of parameters for the model in Eqs. (1, 2) over three drug concentrations

Parameter Meaning Drug Concentration

0.032 μM 0.32 μM 3.2 μM

rS Sensitive cell growth rate 0.0532 0.0722 0.0880

dS Drug-induced sensitive cell death rate 0.1855 0.4012 0.6924

α Rate of drug-induced resistance 0.2520 0.1963 0.1048

rR Resistant cell growth rate 0.0532 0.0415 0.0070

dR Drug-induced resistant cell death rate 0.0751 0.0699 0.0137

rR − dR Resistant cell net growth rate −0.0219 −0.0284 −0.0067

We also include the net resistant population growth rate rR–dR, which represents the exponential decay rate of the resistant population in the absence of sensitive cells. Note that this net rate is always
negative and is most negative at the intermediate dose of 0.32 μM.

Fig. 3 | Practical identifiability of parameters in
two-population model. Distribution of parameters
that yield model fits within 5% of the optimal
parameterization for three doses: 0.032 μM in blue,
0.32 μM in red, and 3.2 μM in yellow. Below each
distribution, the mean is provided, along with the
coefficient of variation (CV). Plots are shown for (a)
rS, (b) dS, (c) α, (d) rR, and (e) dR. Further details
about the near-optimal parameters are found in
Supplementary Table S1.
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radiotherapy36. Other possible mechanisms might include one or more of
the following when a targeted inhibitor such as vemurafenib is applied: (1)
an increase in growth rate as the cell is relieved from its feedback regulation
of cell growth37 or (2) activation of compensatory metabolic programs that
are more efficient, allowing energy or other resources being redirected
toward growth38.

As expected, the drug-induced death rate of sensitive cells dS mono-
tonically increases as a function of drug concentration. Again we find no
overlap in the near-optimal distributions across the three doses, indicating
that drug-induced cell kill behaves in a dose-dependent manner.

The rate of drug-induced resistance α is found to monotonically
decrease as a function of drug concentration. As opposed to the sensitive
population growth and induced death rates rS and dS, a slight overlap exists
in the distribution of α over the lower two doses. In particular, the maximal
near-optimal value of α found at dose of 0.32 μM is 0.2518, whereas the
minimal value found at a dose of 0.032 μMis 0.2461. This overlap is visually
represented in Fig. 3 by the absence of the hatch marks between the dis-
tributions. We had originally hypothesized that the relationship observed
betweenα anddrugdosewould be the reverse ofwhat is observed; that is, we
had hypothesized that higher drug doses would induce resistance at a
quicker rate. A possible explanation for this behavior is that higher dosages
may kill the sensitive cell population (as a result of the increased value of dS)
prior to the cell being able to transition to a resistant state.

The distributions of the resistant subpopulation parameters tell an
interesting story about the behavior of drug-resistant cells that form at
higher drug doses. Focusing first on the growth rate rR, we observe the
expected relationship: this rate decreases as a function of drug dose. Inter-
estingly, the order of magnitude of the near-optimal growth rates are the
same at the two lower doses of the drug. In particular, the near-optimal
values at the dose of 0.032 μMare in the range [0.0498, 0.0546]. For the dose
of 0.32 μM, the near-optimal parameter range is [0.0353, 0.0445]. Although
a dose-dependence between these lower doses exists, the rR parameter is
always on the order 10−2.We observe a different phenomenon at the highest
dose of 3.2 μM,where>98%of thenear-optimal parameters are on theorder
of 10−3. Similarly, near-optimal values of the drug-induced death rate dR
range from [0.0001, 0.0417] at the highest drug concentration, as compared
to [0.0581, 0.0752] at the intermediate concentration and [0.0691, 0.0779] at
the lowest concentration. Taken together, we find that resistant cells that
were induced by the highest drug concentration grow, and are killed by the
drug, at significantly lower rates than at intermediate and low drug con-
centrations. This result is worth comparing to a finding in ref. 33 that
COLO858 cells treated at adose of 3.2 μMexhibit one of the three responses:
rapid death, quiescence (the cells were observed to survive, but not divide, in
the experimental time window), and resistant-like behavior where the
surviving cells divide at much lower rates than observed in the absence of
drug. The fact that, only at the highest dose in our model, the resistant
subpopulation takes on quiescent-like behavior (very slow growth and
death) seems consistent with the response to high drug doses in33.

We also observe an interesting relationship between the net resistant
growth rate, rR–dR, and dose, which is provided in the last rowof Table 1. As
this rate is always negative, we see that all of the applied doses are able to
asymptotically eliminate the resistant population. However, this net rate is
most negative at the intermediate dose of 0.32 μM, suggesting that inter-
mediate dosing regimens may be more effective than a maximally tolerated
dose (MTD) inspired strategy. This is investigated more thoroughly in
“Optimal control results”, where we solve an optimal control problem to
determine the effectiveness of different treatment protocols.Note that rR–dR
represents the asymptotic net growth rate of the resistant population, as the
sensitive population is always eliminated (rS–dS is negative for all doses in
Table 1).

Taken together, the tight distribution of the best fit parameter values
across three drug concentrations, as well as the monotonicity of the para-
meter distributions as a function of drug concentration, lends support to the
sufficiency of the proposed two-compartment model proposed of drug-
induced resistance in Eqs. (1, 2). In other words, the dynamics observed in

the data require only the existence of a sensitive and a resistant population,
which is an experimentally testable hypothesis. For instance, gene expres-
sion data could be analyzed through clustering methods to see if two sub-
groups are sufficient to classify the data. Although these results all assumed
no pre-existing resistance, the optimal value of the parameters and cost
function are effectively unchanged ifwe instead assume that 1%of the initial
population is intrinsically resistant to the drug (see Supplementary
Table S3).

A finer-grained three-population model does not improve fits
to data
Given that experimental data indicates the presence of a subpopulation of
quiescent cells at the highest drug dose that is distinct from the resistant
subpopulation, we next explored whether a three population model that
accounts for both a quiescent and a resistant subpopulation would better
describe the experimental data. The three-populationmodelwe consider is a
direct extension of our two-population model:

_S ¼ rSS� dSð1� e�γ1tÞS� qð1� e�γ2tÞS ð4Þ

_Q ¼ qð1� e�γ2tÞS� βQ ð5Þ

_R ¼ βQþ rRR� dRð1� e�γ1tÞR: ð6Þ
In thismodel,Q represents the normalized number of quiescent cells, and it
is assumed that cells must pass through the quiescent state before becoming
resistant. The drug-induced transition of sensitive cells to quiescent cells
occurs at rate q, and quiescent cells transition to resistant at rate β. More
details are provided in “Mathematical models”.

The best fits of this three-population model to the experimental cell
counts at doses of 0.032, 0.32 and 3.2 μM are shown in Fig. 4a–c, under the
assumption that all cells are initially-sensitive. Although excellent fits to the
data are obtained, the fits do not show any noticeable improvements from
the two-populationmodel (see Fig. 2). This visual observation is confirmed
by comparing the value of the normalized goodness-of-fit function:

ζnorm :¼
XT
t¼1

∣NmodelðtÞ � NdataðtÞ∣
NdataðtÞ

: ð7Þ

using the two- and three-population model (Fig. 4d).
Plots of the near-optimal parameter distributions for the three-

population model (Fig. 5) further highlight the lack of necessity of a three-
population model, as many of the model parameters are non-identifiable.
The exception to this are the parameters describing the sensitive cells. Not
only do rS and dS have tight distributions in the three-population, the dis-
tributions are incredibly similar to the two-population case in Fig. 3. The
lack of identifiability is demonstrated quite clearly for the resistant cell
parameters at the dose of 3.2 μM. While the resistant cell growth rate rR
behaves quite similarly in the two- and three-population model at lower
doses, at the dose of 3.2 μM, the near-optimal parameters for the three-
populationmodel extendover a verywide range of values, indicating thatwe
do not have sufficient data to identify the value of the parameter in this case.
Interestingly, the drug-induced death rate dR of resistant cells differs across
doses when comparing the two- and three-population model. However, as
with rR, the loss of identifiability is most apparent at the highest drug dose.
The transition parameters q and β preserve their identifiability at higher
drug doses, but lose identifiability at the lowest dose of 0.032 μM. Taken
together, this analysis indicates that a number of model parameters cannot
be adequately identified given the available data when using this three-
populationmodel. The absence of improvement inmodel fits, coupled with
the lack of identifiability of model parameters, lends strong support to the
sufficiency of the two-population model.

We also considered a three-population that instead assumes
quiescence is a terminal state in its own right, rather than a transient
state en route to resistance (see SI S.4). In this revised three-population
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Fig. 4 | Model fits for the three-population model. Best model fits are shown at a
drug concentration of (a) 0.032 μM, (b) 0.32 μM, and (c) 3.2 μM. The estimate of the
standard error of the samplemean (SEM) across four replicates, are shown in blue in

(a–c). d The relative value of the cost function ζnorm when data from each dose is fit
using either the two-population (Eqs. (1, 2), shown in blue) or the three-population
(Eqs. (4,6), shown in red) model.

Fig. 5 | Practical identifiability of parameters in the three-population model.
Distribution of parameters that give fits within 5% of the optimal parameterization
for three-population model at three doses: 0.032 μM in blue, 0.32 μM in red, and

3.2 μM in yellow. Plots are shown for (a) rS, (b) dS, (c) q, (d) β, (e) rR, and (f) dR.
Further details about the near-optimal parameters are found in Supplementary
Table S2.
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model, the drug induces a fraction π of sensitive cells into a quiescent
state and 1 − π into a resistant state. Quite interestingly, the optimal
parameterization of this model reveals that, at low doses, the model
effectively reduces to a two-population model with only sensitive and
resistant cells, as the transition rate into quiescence is very small. At the
highest dose, the resistant population grows so slowly and is killed so
rapidly that they effectively behave like quiescent cells. In other words,
the three-compartment model again effectively behaves likes a two-
compartment model.

Predicting population response at other doses
Givenour choice toproceedwith the two-populationmodel, wenext turned
to validation of that model. We approximated the value of the parameters
for the non-fit doses of 0.1 and 1 μM via the piecewise linear interpolation
process described in “Computational methods”. The parameters that result
from this interpolation process are shown in Fig. 6.

In Fig. 7, we illustrate the goodness-of-fit of the model solved at the
interpolated parameter sets to the in vitro cell count data at the dose of 0.1
and 1 μM.We observe that the model is able to well-capture the qualitative

Fig. 6 | Parameter predictions. Piecewise linear interpolation (dashed blue line) of best-fit parameter values at drug concentrations 0.032, 0.32 and 3.2 μM to predict
parameter value at withheld concentrations of 0.1 and 1 μM.

Fig. 7 | Data and model predictions using interpolated parameters. Predictions
are shown at a drug concentration of (a) 0.1 μM and (b) 1 μM. The estimates of the
standard error of the sample mean (SEM) across four replicates, are shown in blue.

The relative value of the cost function ζnorm at the dose of 0.1 μM is 53.79, and at the
dose of 1 μM is 44.42.
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dynamics of tumor growth at the twodoses thatwerewithheld for validation
purposes.Quantitatively, thefits are quite good, although they are inferior to
the fits for the training datasets (Fig. 4d). Specifically, the worst fit to the
training data is observed at the dose of 3.2 μM, with this case having a
relative cost ζnorm of 21.56 in the two-population model; the value of the
relative cost for the dose of 1 μMis~2.5 timeshigher. This occurs because, at
this dose, model predictions are at the upper bound of the experimental
data. Similarly, the value of the relative cost for the dose of 1 μM is
approximately double theworst fit in the training data. This occurs because,
at this dose, the model predicts that the normalized cell counts achieves its
maximum several hours earlier than is observed in the data. Further, the
interpolated parameters also predict a local minimum around hour 40 that
is not seen in the in vitro data.

Nonetheless, given that parameters at both doses were obtained by a
simple piecewise linear interpolation of parameter values obtained at other
doses, the quality of these predictions does indicate that our model capable
of describing COLO858 response to a wide range of vemurafenib doses.

Optimal control results
The parameterization of the two-compartment model in Table 1 suggests
that high drug doses may not be optimal. While the induction rate α
decreases as a function of dose, the drug-induced resistant cells are actually
most-targetable at an intermediate drug dose. This can be seen in the values
of resistant cell net growth rate inclusive of drug effect rR–dR in Table 1. The
larger the valueof rR–dR the “more resistant” thedrug-inducedphenotype is.
As this combined parameter is minimized at the intermediate dose of 0.32
μM, and the induced resistance rate is notmaximal at this dose, together this
indicates an intermediate dose of drug may be optimal.

As our mathematical model has been calibrated and validated on a
number of doses, we can use it to determine theoretical optimal dosing
strategies, as well as how close “standard” dosing protocols are to being
optimal.Here, we explore solutions to the optimal control problemposed in
“Optimal control formulation”. In particular, we numerically seek to
minimize the final cancer cell number (Eq. (23)) subject to a total dosage
constraint (Eq. (25)) using CasADI. As different doses in the experimental
data utilized different values for the total applied dose, we also explore the
impact of varying the total dosageM in Fig. S4.

The computed optimal control, as well as the population response, is
provided in Fig. 8. We also include a comparison with a number of other
dosing strategies, including a constant intermediate dose, two maximally
tolerated dose (MTD) strategies (one where the dose is applied at the
beginning of the treatment, and the other where it is applied at the end), as
well as a periodic “bang-bang” switching strategy. Note that all applied
controls, including the optimal control, reach the upper bound on the total
applied dosage M, and thus are all comparable with respect to the total
amount of applied drug. Although not shown, allM corresponding to the
constant dosages considered in the experimental data yield similar optimal
control strategies.

The structure of the computedoptimal control confirms the prediction
discussed in “Two-population model adequately captures dynamics over a
range of doses” regarding the optimality of intermediate doses: the optimal
dosing regimen remains well below the upper bound of 3.2 μM.Moreover,
while this control may be difficult or even impossible to implement, we
observe that it is well approximated by the constant intermediate dosing
strategy u(t)≡ 1 μM. This is especially clear when we compare the final
cancer cell populations, with the optimal control only slightly

Fig. 8 | Response of cell population to applied controls. Control strategies con-
sidered appear on the left, and include the numerically computed optimal control
(black) a constant intermediate dose (blue), a maximal tolerated dose applied at the
onset of therapy (green), a maximal tolerated dose applied at the end of therapy
(gold), and a pulsed “bang-bang” strategy with four “on” cycles (red, dotted). All

strategies obtain the same total applied dosage of M = 100 μM hours. Total cell
population (N = S+ R) responses are provided in the right figure. Note that the
numeric optimal control yields a smaller final tumor size compared to the other
strategies considered, but is comparable in value to the constant intermediate (i.e.
metronomic) therapy.
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outperforming the constant strategy. As the constant therapy is an ideali-
zation of metronomic therapy (i.e. low dose, frequently or continuously
administered chemotherapy39), our results imply that such therapy is near
optimal. Comparing the population responses to theMTD therapies, we see
that this is even more apparent, as this approximate metronomic therapy
results in substantially smaller relative number of cancer cells (N(tf) ≈ 1.61,
4.89, 2.83 for constant, initialMTD, andendingMTD, respectively). For this
cell population, it thus appears that MTD treatments are far from optimal,
which is supported by a number of recent experimental and theoretical
studies40–46. Furthermore, although the optimal control yields a slightly
smaller final cancer size compared to constant therapy, it only achieves this
result at the very end of the therapeutic window, and for most of the
experiment, constant therapy results in a smaller cancer burden (e.g. the
constant treatment has a smaller L1 norm).

Discussion
Drug-induced resistance is a major impediment to the success of tar-
geted therapy. Several deterministic and stochastic mathematical
models of induced resistance have been recently proposed47–53, and are
briefly discussed in SI S.5. None of these models are simple and
interpretable while at the same time providing good fits to tumor cell
count (or volume data) when resistance is known to be induced by the
drug. This paper describes a minimal mathematical model of drug-
induced resistance which is a modification of a previous model pro-
posed by us31. Here, we demonstrate that this model is able to provide
excellent fits to time-resolved in vitro experimental data, allowing one
to consider both induced resistance and delays in drug action. More-
over, using only bulk data on total cell numbers, the model allows one
to separate the contributions of sensitive and resistance subpopula-
tions and describes their dynamics. A theoretical identifiability ana-
lysis demonstrated that the parameters of the proposed model are, in
principle, uniquely obtainable from data. A practical identifiability
analysis showed tight confidence bounds on all parameters given the
available data, provided we only consider a sensitive and resistant
subpopulation of cells; practical identifiability is lost in finer-grained
models that also include a quiescent subpopulation. To determine the
predictive power of the model, we assessed its ability to predict data at
two untrained drug doses. Excellent qualitative, and reasonable
quantitative, predictions were made by the model at both untrained
doses. Using the validated model, we numerically explored an optimal
control problem, with the goal of minimizing the final cell count
subject to an applied dosage constraint. While we did identify a non-
standard dosing strategy as the optimal control, the optimal control
only slightly outperformed a metronomic-like protocol of adminis-
tering a constant, lower dose of drug. On the other hand, maximal
tolerated dose-like protocols proved to be far inferior.

Despite the model’s ability to very well describe the training data, and
reasonably well describe the validation data, several shortcomings of the
model should be noted. First, asymptotically, the model predicts that both
the sensitive and resistant populations tend to extinction. This is an artifact
of assuming exponential net growth, where both the growth rate and drug-
induced death rate are proportional to the subpopulation size. The only two
outcomes of such amodel, once the drug has eliminated the sensitive cells, is
that the resistant population is eventually eradicated or that the resistant
population grows unbounded. Since the net growth terms that result from
model fitting (see Table 1) are all negative, extrapolating far beyond the data
fitting window would indeed eventually result in the extinction of the
resistant population. While a more complicated growth or drug-induced
death term could remedy this, the data were not available to parametrize a
model with more complexity. It is important to note, however, that the
model only captures subpopulation dynamics subject to treatment.While it
is certainly possible that, in vitro, indefinite administration of therapy could
eradicate both sensitive and resistant cells, due to toxicity concerns such a
scenario is not realistic in vivo.Given this,wewere careful in thiswork tonot
extrapolate predictions outside the 100-h window of treatment.

Another limitation is that the model fits to the validation doses of 0.1
and 1 μM are inferior to the fits on the training doses. Particularly, at the
dose of 0.1 μM, themodel predictions are consistently at the upper boundof
the experimental data, and at a dose of 1 μM, the timing of the peak cell
count in the model is shifted relative to the data. These discrepancies could
be indicative of an inadequacy in the model structure or to the simplifying
assumption that parameter values at intermediate doses can be determined
from a piecewise linear interpolation of neighboring doses. It would be
desirable to carry out validation experiments at a finer grid of concentra-
tions, to further restrict the model.

Finally, ourmodelmakes one counterintuitive prediction that requires
deeper study. In particular, we observe that the growth rate of sensitive cells
increases as a function of dose. We speculate that this may be due to its
intrinsic response to stress (in days)54, which happens at a faster time scale
than the emergence of the resistant population arising from slower
mechanisms such as epigenetic reprogramming (in weeks)35. Identifying
suchmechanisms and then blocking their actionmay elucidate the relation
between these two dose-dependent effects.

This study suggests a variety experimental follow-ups. One of themost
important of these is the validation of our predictions, at least qualitatively if
not quantitatively, of the respective time-resolved contributions of resistant
and sensitive populations. Ourmathematically derived S andR populations
suggest the possibility to group the distributions of mRNA, protein, or
epigenetic dynamic signatures of individual cells into just twomajor clusters
with separate drug sensitivity and growth and death rates. These signatures
might reflect resistance markers, such as the increased expression of
membrane transporters that enhance the efflux of drugs as in the study21.
Experimental tools that could beutilized to investigate this include theuse of
single cell clonally-resolved transcriptome datasets (scRNA-seq) as in55.

Another direction forwork is the comparison of drug dosing strategies,
for the same in vitro cell lines and drugs, as investigated in the mathema-
tically derived optimal control analysis (Two-population model adequately
captures dynamics over a range of doses).Many natural questions exist. For
example, is a continuous-dose or a constant “metronomic” strategy actually
superior to an MTD approach? Are other periodic strategies superior in
terms of the final population size at a specific time horizon? Do pulsed
strategies not afford any advantages, aswith our example (red dashed curve)
in Fig. 8?

Of course, the development of similar models for other rich time-
resolved data sources would also be of interest. Different cell lines and
different drug choices will affect the parameters differently, through inter-
ferencewithmetabolic processes or disruption of regulatory feedback loops.

Bridging the gap between preclinical drug response evaluation to
clinical testing remains a major challenge. One key step to address this gap,
however, is to understand the mechanisms of tumor cells developing drug
resistance, since targeted therapies often yield substantial response in
patients initially before tumor relapse. In this work, we use mathematical
modeling to dissect the population dynamics in tumor cell adaptation to
drugs, a process that ultimately seeds future tumor relapse. In particular, we
leverage a unique dataset,where individual BRAFmutantmelanoma cells (a
prototypical system for assess drug adaptation to targeted therapy) were
being tracked over 5 days under variable clinically relevant doses of
Vemurafenib treatment, which is also an FDA-approved drug for BRAF-
mutant melanoma56. Importantly, at this time scale, subpopulations of
tumor cells often are able to adapt and escape therapy32,54, constituting a
reservoir of tumor cells that later develop more stable resistance. Hence,
quantitatively understanding the process of drug adaptation in this system
can yield important insights in understanding drug response that can sig-
nificantly impact clinical outcomes.

Methods
Mathematical models
A large number of mathematical models of drug-induced resistance have
been proposed of late48–53,57–60. (Several of themare reviewed in SI S.5.)Many
of thesemodel the transition of cancer cells froma sensitive compartment to
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a resistant one in the presence therapy (although, in general, not distin-
guishing random from induced effects). The precise functional form for this
transition, along with the functional forms for the growth and tumor-kill
terms, differ frommodel tomodel. Thus, the field is at the stage where these
modeling assumptions must be interrogating against datasets with
demonstrated resistance induction.

In an effort to better understand the role of selection and induction in
the evolution to drug resistance, in ref. 31 we introduced a simple, phe-
nomenological mathematical framework to distinguish between sponta-
neous and induced resistance. This systemof ordinary differential equations
divided cells into three subpopulations: sensitive cells, non-reversible
resistant cell, and reversibly resistant cells. Each population was assumed to
grow logistically and to be killed by the drug at a dose-dependent rate.
Spontaneous, drug-independent resistance causes sensitive cells to transi-
tion to the non-reversible resistant compartment, while a drug-dependent
term results in sensitive cells transitioning to the reversibly resistant
compartment.

We have previously analyzed in detail this three-compartment model
subject to several simplifying assumptions. Thefirst assumption is that there
is only a single resistant subpopulation that is inducedby the drug, while the
second is that the reversion to the sensitive phenotype in the presence of
drug is negligible on the time scales considered21,31. Thus, this simplified
model considers both pre-existing resistance and spontaneous drug-
induced resistance (without reversibility), but not randomly acquired drug
resistance (see Fig. 1). Under these assumptions, the dynamics of the
number of sensitive cells S and the number of resistant cells R are described
as follows:

_S ¼ rS 1� Sþ R
K

� �
S� αuðtÞS� dSuðtÞS; ð8Þ

_R ¼ rR 1� Sþ R
K

� �
Rþ αuðtÞS� dRuðtÞR: ð9Þ

Here rS and rR are the growth rates of the sensitive and resistant
population, respectively, and dS and dR are the corresponding drug-induced
kill rates. The function u(t) represents the effective applied drug dose at time
t, and is thought of as a control input; dots denote derivatives with respect to
time in all equations in the manuscript. By definition, the drug is less
effective against resistant cells, so we assume that dR ≤ dS. We also assume
that rS ≥ rR, as experimental evidence supports that resistant cells grow
slower thannonresistant cells61,62. Drug-induced resistance occurs at the rate
α. Our analysis of thismodel31 indicated that, provided there was aminimal
amount of pre-existing resistance, treatment response was controlled by the
extent of drug-induced resistance α. Hencewe focused our prior analysis on
the impact of induced resistance by assuming R(0) = 0. We found a quali-
tative distinction in tumor response to two standard treatment schedules
(continuous versus pulsed) when the drug has the same cytotoxic potential
but different levels of induction. A rigorous analysis of the optimal control
structure (both theoretical and numerical) can be also be found in30.

The model we utilize in this work has the same overall structure as the
two-compartment model in Eqs. (8, 9), albeit with two notable modifica-
tions.Thefirst is that, becausewefit to in vitro data,we converted the logistic
growth terms to exponential growth. The second change ismotivated by the
fact that, in the experimental data33, there is a notable delay in drug response.
This can be seen Fig. 2a, wherein themean cell count at all doses follows the
same trajectory until around 18 h. Only at that time do the dose-specific
trajectories diverge from one another. Biologically, this delay in drug effect
may be due to various factors such as drug uptake and engagement of the
target63, initiation of the apoptotic pathway64, or cell-cycle inhibition65. Note
that model (8, 9) does not include any such delay, and thus any applied
difference in dosage will result in an immediate response by the cell
population.

Thus, in the current work, we consider the revised model of the nor-
malized cell count (relative to the initial count) S and R given in Eqs. (1, 2).

Rather than explicitly including the control term u(t) in this model, we
instead consider the growth rates rS and rR, the induction parameter α, and
the drug-kill parameters dS and dR to be dose-dependent, and thus fit
separately to time-course data from experiments utilizing different doses.
However, structurally Eqs. (1, 2)model drug-kill and resistance induction in
the same way as Eqs. (8, 9). That is, the delay in drug response is accounted
for by modulating the kill and induction response by terms of the form
ð1� e�γt Þ, so that the system of differential equations is explicitly time-
varying with respect to these rates. A more mechanistic derivation of the
model (1, 2), that also permits the consideration of time-varying dosing
strategies in an optimal control problem, is presented in the next subsection.

Given that the experimental data indicated the presence of a sub-
populationof quiescent cells that is distinct fromthe resistant subpopulation
at the highest drug dose33, we also consider a three population extension of
the model in Eqs. (1, 2) that explicitly accounts for this quiescent sub-
population (see Eqs. (4–6)). In this model, we assume that cells must pass
through the quiescent state (at rate q) before becoming resistant (at rate β).
The definition of all other parameters in this three-population model is the
same as the definition in the two-population model in Eqs. (1, 2).

Details on derivation of mathematical model
To incorporate the delay on both drug-induced cell kill and drug-induced
resistance, we differentiate between the applied dosage u and the effective
dosage v. Here, u represents the drug concentration of vemurafenib in the
in vitro experiment, while v corresponds to the phenotypic effect of the
dosage on cell kill and induction rates.We assume that the dynamics on the
rate parameters can be described via classical input (u) tracking66, with
constant rates γ1 and γ2 determining the delay timescales for the drug-
induced cell death and resistance-induction rates, respectively. The model
we consider takes the following form:

_S ¼ rSðuðtÞÞS� vd;SðtÞS� vαðtÞS ð10Þ

_R ¼ rRðuðtÞÞRþ vαðtÞS� vd;RðtÞR ð11Þ

_vd;S ¼ γ1ðdSðuðtÞÞ � vd;SÞ ð12Þ

_vd;R ¼ γ1ðdRðuðtÞÞ � vd;RÞ ð13Þ

_vα ¼ γ2ðαðuðtÞÞ � vαÞ ð14Þ

As in Eqs. (8, 9), state S represents the normalized number of sensitive cells
and R represents the normalized number of cells that have acquired an
“inducible drug resistant” state. The parameters rS and rR represent growth
rates of the drug sensitive and drug resistant populations, respectively, as a
function of the applied dose u(t).

As opposed to parameters, we now consider statesvd,S and vd,R, which
represent each subpopulations’ drug-induced death rate, and vα, the rate at
which drug sensitive cells are induced to transition to the resistant pheno-
type. Note that division rates rS and rR are assumed to respond to instan-
taneous changes in the applied dosage u, while the effective apoptosis and
induction rates vd,S, vd,R, and vα approach their asymptotic values at a rate
determined by γ1 and γ2, respectively. This tracking dynamic thus models
the observed delay in the onset of observable effects of the applied drug (see
Fig. 2a). We emphasize that all rate parameters (rS, rR, dS, dR and α) are
dependent on the applieddoseu(t), andwedenote this via expressions of the
form rS(u(t)), rR(u(t)), etc. As discussed in “Computational methods”, these
rates will be estimated from the normalized cell count data for different
constant doses u(t)≡ uconstant.

As an example of the dynamic introduced by rate tracking in cell death
and induction, consider Eq. (12) describing the effective apoptosis rate for
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the sensitive population:

_vd;S ¼ γ1ðdSðuðtÞÞ � vd;SÞ:

Assuming vd,S(0) = v0, the solution of this linear ODE is given by the var-
iation of parameters formula

vd;SðtÞ ¼ v0e
�γ1t þ γ1

Z t

0
e�γ1ðt�σÞdSðuðσÞÞ dσ: ð15Þ

Similar statements hold for vd,R and vα. Hence, Eqs. (10–14) represent a
time-varying two-dimensional system in the S and R populations.

The experimental data from33 utilized in this work considers constant
applied dosesu, so thatwhenfittingmodel (10–14) to experimental data, we
assume that u(t)≡ u, a constant dose. Thus, we suppress the explicit applied
dosage dependence of the rate parameters, and write rS≔ rS(u),
rR(u)≔ rR(u), dS≔ dS(u), dR≔ dR(u), and α≔ α(u), as these are constants
(but are dose-dependent). The expressions in Eq. (15) thus simplify as
follows. Assuming that the effective dosages for the cell kill and induction
rates are zero initially (i.e. vd,S(0) = vd,R(0) = vα(0) = 0), we see from Eq. (15)
that the solutions of Eqs. (12–14) take the form

vd;SðtÞ ¼ dS 1� e�γ1t
� �

ð16Þ

vd;RðtÞ ¼ dR 1� e�γ1t
� � ð17Þ

vαðtÞ ¼ α 1� e�γ2t
� �

: ð18Þ
Using the above, system (10–14) reduces to the model presented in
Eqs. (1, 2):

_S ¼ rSS� dSð1� e�γ1tÞS� αð1� e�γ2tÞS
_R ¼ rRRþ αð1� e�γ2tÞS� dRð1� e�γ1tÞR:

The above system is what is used to determine the rate parameters as a
function of (constant) dose u. Note that we will later consider time-varying
doses u = u(t) when formulating and analyzing an optimal control problem
(see “Optimal control formulation” and “Two-populationmodel adequately
captures dynamics over a range of doses”); in this case, we will consider the
model as formulated in Eqs. (10−14).

Computational methods
The in vitro data from ref. 33 includesfive different dosing regimes covering
a wide range of drug concentrations. Three of those doses were selected to
parameterize the model in Eqs. (1, 2): 0.032 μM, 0.32 μM, and 3.2 μM. The
doses of 0.1 μM and 1 μM are withheld for validation purposes. All model
parameters are fit to this data except the delay terms γ1 and γ2. Figure 1C in
the paper32 showed that at around 24 h after initiation of vemurafenib
(1 uM) treatment, COLO858 cells begin to die and most division events
stopped. Additionally, although the experiments in ref. 67 are for a different
cell line, and were only performed for 24 h of treatment before being sti-
mulated with EGF for 8 h, it is interesting that the data there also suggests
that the onset of drug-adapted conditions for the A375 BRAF V600E
melanoma cell line is observed at around 24 h. In another study68, cytotoxic
effects reached full effect between 120 and 130 h. Although not all of these
studies were specifically related to COLO858 cells, and the exact times are
approximations, to decrease the complexity of the model (and specifically
parameter estimation), we decided to fix γ1 = γ2 = 0.01. This corresponds to
both terms achieving roughly 50%of theirmaximal effect at 72 h.We found
that this assumption, which helps in practical identifiability and hence in
parameter estimation, is not critical, asfitting for all parameters aswell as the
γi resulted in parameters γi of the same order of magnitude (not shown).
Similar delay terms have been studied in the context of doxorubicin
treatment69, and it has been remarked that the incorporation of delays is
necessary for identifiability70. It has also been suggested that delays can be

implemented in a model by inserting a series of intermediate
compartments71.

Given thatwe assume that all resistance is drug-induced, and that S and
R represent normalized cell counts, the model is solved using the initial
conditions of S(0) = 1 and R(0) = 0, unless otherwise specified.

The above assumptions result in needing to fit five model parameters
per drug dose: the sensitive cell growth rate rS, the sensitive cell drug-
induced death rate dS, the drug-induced resistance rate α, the resistant cell
growth rate rR (assumed to be≤rS), and the resistant cell drug-induceddeath
rate dR (assumed to be≤dS).Wefind the bestfit value of these parameters by
minimizing the sum of the absolute differences between the model and the
data, as defined in Eq. (3). We normalized the experimental data by the
initial tumor cell count so as to standardize cell counts between different
replicates.

In order to identify the parameter set, per dose, that minimizes ζ,
we utilize MATLAB® and the built-in function fmincon. This executes
an interior point algorithm to solve the posed constrained optimization
problem. Beyond the previously-mentioned inequality constraints
posed on the growth and drug-induced death rate of resistant cells, we
limited the maximum function evaluations to 30,000. Further, to avoid
numerical integration issues, all parameters were assumed to have a
lower bound of 10−6, with the exception of rS which had a lower bound
of 10−3. To avoid evaluating the model at biologically unrealistic
parameter values, an upper bound was specified for each parameter. To
evaluate the value of the cost function ζ at a specified model para-
meterization, the system of equations in (1, 2) is numerically solved in
MATLAB® using ode23s, a stiff solver that implements a modified
Rosenbrock formula of order two.

To mitigate the risk of fmincon converging to a local minimum, we
implement a multi-start fitting algorithm. That is, rather than calling
fmincon a single time, with a single starting guess for the parameters, we
repeat the optimization process K = 1000 times, each time starting with a
different initial guess for the parameters. Each starting parameter guess is
obtained by using a quasi-Monte Carlo method to randomly sample the
parameter space. The lower and upper bound for each parameter was set to
the constraints imposedon the optimizationproblem itself.Weused Sobol’s
low-discrepancy sequences, which have uniformity properties other sam-
pling techniques lack while being computationally efficient72. The multi-
start fitting algorithm thus begins by randomly sampling K Sobol points of
the form (p1, …, pn), where n is the number of parameters. As each coor-
dinate pi in a sampled point is in the range [0, 1], we then scale the values of
each pi to be in the range defined by its lower and upper bound. For each
such parameterization, fmincon is implemented using that parameter set as
the starting guess.

The end result of this multi-start algorithm is a set of K “best-fit”
parameterizations of the model. The parameterization with the lowest cost
function value ζopt is selected as the optimal model parameterizaton. Any
other “best-fit” parameterization for which ζ varies from ζopt by 5% or less is
considered a “near-optimal” parameter set. We will use these near-optimal
parameter sets to study the sensitivity and identifiability of the model
parameters. This multi-start parameter fitting algorithm was applied to the
mean of the aggregate cell count data for doses of 0.032, 0.32 and 3.2 μM.All
code for fitting the parameters to the proposed model, and identifying the
optimal and near-optimal parameter sets, is available at https://github.com/
sontaglab/Induced_Resistance.

Data corresponding to the experimental dose of 0.1 and 1 μM was
withheld for model validation purposes. For each parameter pi, we predict
the value of pi at these held out doses by performing a piecewise linear
interpolation of the optimal value of pi at the fit doses of 0.032, 0.32 and
3.2 μM. This piecewise linear interpolation is done on a log base 10 scale, as
the experimental doses are uniformly spacedon this scale.Apiecewise linear
interpolation is chosen because it avoids the complication of choosing a
precise functional form for how each parameter changes as a function of
dose, without assuming a single equation can describe the behavior of the
parameter across all of the doses considered.
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Structural identifiability analysis
Consider the set P of all possible parameters θ of the form

θ ¼ rS; dS; α; rR; dR
� �

:

We examine the local structural identifiability of ourmodel (1, 2) with fixed
γ1 = γ2 and initial conditions of S(0) = 1, R(0) = 0 (normalized cell counts).
Local structural identifiability is a “well-posedness” property: it asks if dif-
ferent (but close by) parameters θ1 and θ2 should give different total cell
counts S(t)+ R(t). In other words, from (perfect) time-resolved measure-
ments of S(t)+ R(t), one should in theory be able to recover all parameters
in a neighborhood of a given one. Structural identifiability analysis deals
with the ideal case in which there are no measurement errors or replication
variability. Although this is not a realistic assumption in practice, the goal of
this analysis is to determine if there are parameter combinations that are
redundant, in which case numerical fitting methods would not provide
interpretable parameters due to non-uniqueness.

In the field of structural identifiability, one often looks for generic
results. (Genericity is used in order to ignore accidental equalities. For
example, if we are given the expression px and we wish to determine x, this
can always be done unless p happens to be zero, which is a very special
parameter value.) Mathematically, we use the terminology in73: genericity
means that there exists a “Zariski open”74 subset P0 of P so that the iden-
tifiability property holds for pairs of vectors θ1 and θ2 inP0. A Zariski open
set is defined as the set of zeros of some nonzero polynomial. Such a set is
“generic” in the sense that its complement has (Lebesgue) measure zero, so
with “probability 1” a randomly chosen set of parameterswill be identifiable.
We assume that γ1 = γ2 = γ is fixed and known. For showing identifiability,
we can then take without loss of generality γ = 1 (the general case can be
reduced to this one by a time-reparameterization, multiplying all para-
meters by the known γ). To simplify, we introduce new parameters

a :¼ rS � dS � α; b :¼ dS þ α; c :¼ α; d :¼ dR; f :¼ rR � dR:

Identifiability with these new parameters is equivalent to the original ones,
since the two sets are related by an invertible linear transformation. Our
equations (1, 2) become, with these notations:

_S ¼ aþ be�tð ÞS
_R ¼ c� ce�tð ÞSþ f þ de�t

� �
R:

Weview y(t) = S(t)+ R(t) as the “measured output” of this system. To show
that the parameters can be recovered from the output y(t), it is enough to
show that they can be recovered from the derivatives of y(t) at anyfixed time
(for example, t = 0), because these derivatives in turn are theoretically
obtainable from the function itself.

Let us therefore compute the first five derivatives at time t = 0: y0ð0Þ to
y(5)(0). These derivatives are polynomial functions of the parameters. These
computations can be done in closed form, using the product rule. For
example, S0ð0Þ ¼ aþ b and R0ð0Þ ¼ 0 (recall that S(0) = 1 and R(0) = 0).
Similarly, S00ðtÞ ¼ ½ðaþ be�tÞSðtÞ�0 ¼ �be�tSðtÞ þ ½ðaþ be�tÞ�S0ðtÞ ¼
�be�t SðtÞ þ ½ðaþ be�tÞ�2, and hence S′(0) =−b+ (a+b)2. One has
y0ð0Þ ¼ aþ b, y′(0) = c− b− (d+ f)(b− (a+b)2)+ (a+b)2, and so forth.
Let us call F the mapping from the 5-vector of parameters (a, b, c, f, e)
into the 5-vector of output derivatives at time 0,
ðy0ð0Þ; y00ð0Þ; yð3Þð0Þ; yð4Þð0Þ; yð5Þð0ÞÞ. The JacobianofF (that is, thematrixof
partial derivatives of F with respect to the parameters) is a 5 × 5 matrix of
parameters which will be nonsingular except at those parameter vectors
where its determinant D is zero. Since D is a polynomial function of the
parameters, nonsingularity holds on the Zariski open subset consisting of
parameters for which D(a, b, c, d, f) is nonzero. The Implicit Mapping
theorem75 then guarantees that this mapping is locally invertible around
such points, meaning that one has at least identifiability in a local sense (any
distinct but two close enoughparameters givedistinct outputs). It remains to
actually verify that D is a nonzero polynomial. This can be done explicitly,

For example when evaluated at a = 2 and b = c = d = f = 0, one computes
D(2, 0, 0, 0, 0) = 576, which is nonzero. (Computations not shown.) This
completes the proof of local generic identifiability.

It is also possible go further, and conclude global generic identifiability
as well. To do this, we may apply a computational package such as the
Structural Identifiability Toolbox (SIAN)76. In order to apply this software,
we need to transform our system into one given by a polynomial system of
equations. Thus we study instead the following system:

_X ¼ �X
_S ¼ aSþ bXS
_R ¼ cSþ fR� cXSþ dXR

with outputs S+ R and X. The software package SIAN (available online at
https://maple.cloud/app/6509768948056064) confirms global (generic)
identifiability of this system, evenwhen initial states are unknown and need
to be identified simultaneously with the parameters. We also verified the
local identifiability property using an alternative package, STRIKE-
GOLDD77, confirming the result.

It is interesting to note that the delay terms are essential for structural
identifiability. If γ = 0 (no delay), the equations would become:

_S ¼ ðaþ bÞS
_R ¼ ðf þ dÞR:

In this case, it is impossible to distinguish pairs (a, b) with the same sum
a+ b, and pairs (d, f) with the same d+ f.

Optimal control formulation
Although the proposed model was calibrated to data in which cells were
exposed to a constant concentration of drug, we next sought to utilize the
model to identify (possibly non-constant) dosing strategies that minimize
the cancer cell population at the end of the experiment. That is, we seek to
identify the optimal dosing strategies u(t) which minimize S(tf)+ R(tf),
where tf is a fixed final time, subject to amaximum total applied dosage. The
precise formulation of this optimal control problem is provided in this
section.

As described in “Computational methods”, we obtain values for the
parameters θ(u)≔ (rS(u), dS(u), α(u), rR(u), dR(u)) as a function of five
doses. The values for the training doses u = 0.032 μM, 0.32 μM, 3.2 μMwere
arrived at by minimizing the cost function ζ in Eq. (3). The values for
validation doses u = 0.1, 1 μM were determined using piecewise linear
interpolation of the parameters determined for the training doses. The
optimal control problem is formulated utilizing these expressions for θ(u).

As discussed in “Mathematical models”, for time-varying dosing
strategies, we must consider the more general model (10–14) presented in
Sec 4.2. Denote by x :¼ ðS;R; vd;S; vd;R; vαÞ 2 R5 the state of model
(10–14), where vd,S and vd,R are the state variables describing the phenotypic
effect of dose on cell death for sensitive and resistant cells, respectivectly, and
vα is the state variable describing the phenotypic effect of dose on the
resistance induction rate. The system then takes the general form
_xðtÞ ¼ f ðxðtÞ; θðuðtÞÞÞ, with

f ðx; θðuÞÞ :¼

rSðuðtÞÞS� vd;SðtÞS� vαðtÞS
rRðuðtÞÞRþ vαðtÞS� vd;RðtÞR
γ1ðdSðuðtÞÞ � vd;SÞ
γ1ðdRðuðtÞÞ � vd;RÞ
γ2ðαðuðtÞÞ � vαÞ

0
BBBBBB@

1
CCCCCCA
: ð19Þ

These equations indicate that growth rates instantaneously respond to the
presence of drug, whereas the death and induction rates have a delayed
response controlled by γ1,2. “Details on derivation of mathematical model”
for more details.
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The optimal control problem is then defined on a finite-time horizon
via the initial-value problem _x ¼ f ðx; θðuÞÞ; xð0Þ ¼ x0 on [0, tf], with tf
fixed during each optimization. As in most simulations in this work (see
“Computational methods”), we fix the initial conditions as an entirely
sensitive cell population and zero effective dose. Thus, x0 = (1, 0, 0, 0, 0).

We define our objective as the final cancer cell population size at tf,

JðuÞ :¼ x1ðtf Þ þ x2ðtf Þ ¼ Sðtf Þ þ Rðtf Þ; ð20Þ

and we determine the dosing strategy u* which minimizes J. Since our rate
functions θ(u) are calibrated only for doses between 0.032 μM and 3.2 μM
(see (S2)), we restrict our control set U to the convex, compact interval
U≔ [0.032, 3.2]. The set of admissible controls then takes the form
U :¼ fu : ½0; tf � ! Rju isLebesguemeasurable g. To guarantee the exis-
tence of aminimizing functionu*of J, we need to define the set of admissible
controls as measurable (see, for example,78). However, this is not restrictive
for the problemconsidered in thiswork, because all optimal controls appear
to be piecewise continuous (see, for example, Fig. 8).

To incorporate toxicity constraints, we bound the total applied dosage
by a constantM:

Z tf

0
uðtÞ dt ≤M: ð21Þ

This constraint can be incorporated as an auxiliary state variable

zðtÞ :¼
Z t

0
uðsÞ ds; ð22Þ

so that (21) becomes z(tf) ≤M. The extended state of the original system
defined by the vector field in Eq. (19) is thus defined as ~x :¼ ðx; zÞ 2 R6,
and the extended vector field is~f ð~x; uÞ :¼ ðf ðx; θðuÞÞ; uÞ. Since z(0) = 0, the
initial conditions for~x become~xð0Þ ¼ ð1; 0; 0; 0; 0; 0Þ. The control problem
then incorporates an additional constraint on the last component of ~x at the
final time tf : ~x6ðtf Þ ¼ zðtf Þ≤M.

In summary, the optimal control problem we analyze is to minimize
the final cancer cell population at final time tf,

min
u2U

JðuÞ; ð23Þ

subject to the following initial-value problem inR6

_~x ¼ ~f ð~x; uÞ; ~xð0Þ ¼ ~x0; ð24Þ

together with the additional final time constraint

~x6ðtf Þ≤M: ð25Þ

Lastly, we note that by construction, the rate functions θ(u) depend on the
logarithm of the dose, i.e. θðuÞ ¼ θðlog10ðuÞÞ. Numerically, we thus refor-
mulate the control with respect to the logarithm of the dose, so that we solve
this system with respect to ~uðtÞ :¼ log10uðtÞ. Effectively, this redefines the
control set as ~U :¼ ½log10ð0:032Þ; log10ð3:2Þ�, as well as the dynamics on the
auxiliary variable z as _zðtÞ ¼ 10~uðtÞ. Thus, the vector field numerically
integrated takes the form ~f ð~x; ~uÞ ¼ ðf ðx; θð~uÞÞ; 10~uÞ.

To solve the posed optimal control problem, we numerically solve (23)
subject to (24) and (25) using the open-source framework CasADi v3.6.7,
which was implemented in a Python 3.8.1 wrapper. CasADi is a numerical
optimal control tool for nonlinear optimization and algorithmic
differentiation79. Specifically, we converted the above optimal control pro-
blem to a nonlinear programming problem, and utilized IPOPT to solve the
latter in the CasADI framework. As our model is only validated on the
experimental time window t∈ [0, 100] hours, we fix tf = 100 h. We also
assume an intermediate total applied dosage of M = 100 μM hours, which
corresponds to the constant dose of u≡ 1 μM applied throughout [0, tf]. In

order to solve our optimal control problem inCasaADi, we had to construct
a smooth approximation to the rate function θ(u). Details of the con-
struction this smooth approximation are provided in SI S.1.

Data availability
The data analyzed in this study were accessed from previously published
experimental literature. Citations to all sources of data are included in the
manuscript. The data is all available on GitHub at this link: https://github.
com/sontaglab/Induced_Resistance.

Code availability
All code is available at GitHub and can be accessed at this link: https://
github.com/sontaglab/Induced_Resistance.

Received: 3 September 2024; Accepted: 24 March 2025;

References
1. Zaman, S. B. et al. A review on antibiotic resistance: alarm bells are

ringing. Cureus 9, e1403 (2017).
2. Menendez-Arias, L. &Richman, D. D. Editorial overview: antivirals and

resistance: advances and challenges ahead.Curr. Opin. Virol. 8, iv–vii
(2014).

3. Beardsley, J., Halliday,C. L., Chen,S.C. &Sorrell, T. C.Responding to
the emergence of antifungal drug resistance: perspectives from the
bench and the bedside. Future Microbiol. 13, 1175–1191 (2018).

4. Zahreddine, H. & Borden, K. Mechanisms and insights into drug
resistance in cancer. Front. Pharmacol. 4, 28 (2013).

5. Kim, S. et al. Heterogeneity of genetic changes associated with
acquired crizotinib resistance in alk-rearranged lung cancer. J.
Thoracic Oncol. 8, 415–422 (2013).

6. Holohan, C., Van Schaeybroeck, S., Longley, D. B. & Johnston, P. G.
Cancer drug resistance: an evolving paradigm. Nat. Rev. Cancer 13,
714–726 (2013).

7. Gottesman, M. Mechanisms of cancer drug resistance. Annu. Rev.
Med. 53, 615–627 (2002).

8. Dean, M., Fojo, T. & Bates, S. Tumour stem cells and drug resistance.
Nat. Rev. Cancer 5, 275–284 (2005).

9. Woods, D. & Turchi, J. Chemotherapy induced DNA damage
response. Cancer Biol. Ther. 14, 379–389 (2013).

10. Gajewski, T. et al. Immune resistance orchestrated by the tumor
microenvironment. Immunol. Rev. 213, 131–145 (2006).

11. Trédan, O., Galmarini, C. & Tannock, I. Drug resistance and the solid
tumor microenvironment. J. Natl. Cancer Inst. 99, 1441–1454 (2007).

12. Meads, M., Gatenby, R. & Dalton, W. Environment-mediated drug
resistance: a major contributor to minimal residual disease. Nat. Rev.
Cancer 9, 665–674 (2009).

13. Correia, A. & Bissell, M. The tumor microenvironment is a dominant
force in multidrug resistance. Drug Resist. Updat. 15, 39–49 (2012).

14. McMillin, D., Negri, J. & Mitsiades, C. The role of tumour-stromal
interactions in modifying drug response: challenges and
opportunities. Nat. Rev. Drug Disc. 12, 217–228 (2013).

15. Foo, J. et al. Roadmap on plasticity and epigenetics in cancer. Phys.
Biol. 19, 031501 (2022).

16. Sommer, M. O., Church, G. M. & Dantas, G. The human microbiome
harbors a diverse reservoir of antibiotic resistance genes. Virulence 1,
299–303 (2010).

17. Iqbal, Z. et al. Sensitive detection of pre-existing BCR-ABL kinase
domain mutations in CD34+ cells of newly diagnosed chronic-phase
chronic myeloid leukemia patients is associated with imatinib
resistance: implications in the post-imatinib era. PloS ONE 8, e55717
(2013).

18. Roche-Lestienne, C. & Preudhomme, C. Mutations in the ABL kinase
domain pre-exist the onset of imatinib treatment.Semin. Hematol. 40,
80–82 (2003).

https://doi.org/10.1038/s41540-025-00511-3 Article

npj Systems Biology and Applications |           (2025) 11:30 13

https://github.com/sontaglab/Induced_Resistance
https://github.com/sontaglab/Induced_Resistance
https://github.com/sontaglab/Induced_Resistance
https://github.com/sontaglab/Induced_Resistance
www.nature.com/npjsba


19. Carlino,M. et al. PreexistingMEK1P124mutations diminish response
toBRAF inhibitors inmetastaticmelanomapatients.Clin. CancerRes.
21, 98–105 (2015).

20. Luria, S. & Delbrück, M. Mutations of bacteria from virus sensitivity to
virus resistance. Genetics 28, 491–511 (1943).

21. Pisco, A. O. et al. Non-darwinian dynamics in therapy-induced cancer
drug resistance. Nat. Commun. 4, 2467 (2013).

22. Nyce, J., Leonard, S., Canupp, D., Schulz, S. & Wong, S. Epigenetic
mechanismsof drug resistance: drug-inducedDNAhypermethylation
and drug resistance.Proc. Natl Acad. Sci. USA 90, 2960–2964 (1993).

23. Nyce, J. Drug-inducedDNAhypermethylation: a potentialmediator of
acquired drug resistance during cancer chemotherapy.MutationRes.
386, 153–161 (1997).

24. Sharma, S., Lee, D., Li, B. & Quinlan, M. E. A. A chromatin-mediated
reversible drug-tolerant state in cancer cell subpopulations.Cell 141,
69–80 (2010).

25. Pisco, A. & Huang, S. Non-genetic cancer cell plasticity and therapy-
induced stemness in tumour relapse: ‘what does not kill me
strengthens me’. Br. J. Cancer 112, 1725–1732 (2015).

26. Shaffer, S. M. et al. Rare cell variability and drug-induced
reprogramming as amode of cancer drug resistance.Nature 546, 431
(2017).

27. Housman, G. et al. Drug resistance in cancer: an overview.Cancers 6,
1769–1792 (2014).

28. Dhanyamraju, P. K., Schell, T. D., Amin, S. & Robertson, G. P. Drug-
tolerant persister cells in cancer therapy resistance. Cancer Res. 82,
2503–2514 (2022).

29. Leder, K. et al. Fitness corrected by BCR-ABL kinase domain
mutations determines the risk of pre-existing resistance in chronic
myeloid leukemia. PLoS ONE 6, e27682 (2011).

30. Greene, J., Sanchez-Tapia, C. & Sontag, E. Mathematical details on a
cancer resistance model. Front. Bioeng. Biotechnol. 8, 501 (2020).

31. Greene, J., Gevertz, J. & Sontag, E. Mathematical approach to
differentiate spontaneous and induced evolution to drug resistance
during cancer treatment. JCO Clin. Cancer Inform. 3, 1–20 (2019).

32. Fallahi-Sichani,M. et al. Adaptive resistanceofmelanomacells toRAF
inhibition via reversible induction of a slowly dividing de-differentiated
state.Mol. Syst. Biol. 13, 905 (2017).

33. Comandante-Lou, N., Khaliq, M., Venkat, D., Manikkam, M. & Fallahi-
Sichani,M.Phenotype-basedprobabilistic analysis of heterogeneous
responses to cancer drugs and their combination efficacy. PLoS
Comput. Biol. 16, e1007688 (2020).

34. Proietti, I. et al. Braf inhibitors: molecular targeting
immunomodulatory actions. Cancers 12, 1823 (2020).

35. Shaffer, S. M. et al. Rare cell variability and drug-induced
reprogramming as a mode of cancer drug resistance. Nature 546,
431–435 (2017).

36. Cheng, J. et al. Dying tumor cells stimulate proliferation of living tumor
cells via caspase-dependent protein kinase Cδ activation in
pancreatic ductal adenocarcinoma.Mol. Oncol. 9, 105–114 (2015).

37. Lito, P., Rosen, N. & Solit, D. Tumor adaptation and resistance to RAF
inhibitors. Nat. Med. 19, 1401–1409 (2013).

38. Haq, R. et al. Oncogenic BRAF regulates oxidative metabolism via
pgc1α and MITF. Cancer Cell 23, 302–315 (2013).

39. N. C. Institute “Definition of Metronomic Chemotherapy,”. https://
www.cancer.gov/publications/dictionaries/cancer-terms/def/
metronomic-chemotherapy (2024).

40. Scharovsky, O. G., Mainetti, L. E. & Rozados, V. R. Metronomic
chemotherapy: changing the paradigm that more is better. Curr.
Oncol. 16, 7 (2009).

41. Pasquier, E., Kavallaris, M. & André, N. Metronomic chemotherapy:
new rationale for new directions. Nat. Rev. Clin. Oncol. 7, 455–465
(2010).

42. Chen, Y.-P. et al. Metronomic capecitabine as adjuvant therapy in
locoregionally advanced nasopharyngeal carcinoma: a multicentre,

open-label, parallel-group, randomised, controlled, phase 3 trial.
Lancet 398, 303–313 (2021).

43. Basar, O. Y., Mohammed, S., Qoronfleh, M. W. & Acar, A. Optimizing
cancer therapy: a review of the multifaceted effects of metronomic
chemotherapy. Front. Cell Dev.l Biol. 12, 1369597 (2024).

44. Ledzewicz, U. & Schättler, H. Application of mathematical models to
metronomic chemotherapy: What can be inferred from minimal
parameterized models? Cancer Lett. 401, 74–80 (2017).

45. Barlesi, F. et al. Revisiting metronomic vinorelbine with mathematical
modelling: A phase I trial in lung cancer. Cancer Chemother.
Pharmacol. 90, 149–160 (2022).

46. Strobl, M., Gallaher, J., Robertson-Tessi, M., West, J. & Anderson, A.
Treatment of evolving cancers will require dynamic decision support.
Annal. Oncol. 34, 867–884 (2023).

47. Claret, L. et al. Model-based prediction of phase iii overall survival in
colorectal cancer on the basis of phase ii tumor dynamics. J. Clin.
Oncol. 27, 4103–4108 (2009).

48. Gevertz, J. et al. “Emergenceof anti-cancerdrug resistance: exploring
the importance of themicroenvironmental niche via a spatial model,”.
In Applications of Dynamical Systems in Biology and Medicine The
IMA Volumes in Mathematics and its Applications, (eds. Jackson, T &
Radunskaya, A.) 1–34 (Springer-Verlag, 2015).

49. Grassberger, C. et al. Patient-specific tumor growth trajectories
determine persistent and resistant cancer cell populations during
treatment with targeted therapies. Cancer Res. 79, 3776–3788
(2019).

50. Nagase, M., Aksenov, S., Yan, H., Dunyak, J. & Al-Huniti, N.
Modeling tumor growth and treatment resistance dynamics
characterizes different response to Gefitinib or chemotherapy in
non-small cell lung cancer. CPT Pharmacometrics Syst.
Pharmacol. 9, 143–152 (2020).

51. Glazar, D. J. et al. Tumor volume dynamics as an early biomarker for
patient-specific evolution of resistance and progression in recurrent
high-grade glioma. J. Clin. Med. 9, 2019 (2020).

52. Cárdenas, S. et al. Model-informed experimental design
recommendations for distinguishing intrinsic and acquired targeted
therapeutic resistance in headandneck cancer.npj Syst. Biol. Appl.8,
32 (2022).

53. Kim, E., Brown, J. S., Eroglu, Z. & Anderson, A. R. Adaptive therapy for
metastatic melanoma: Predictions from patient calibrated
mathematical models. Cancers 13, 823 (2021).

54. Yang,C., Tian,C., Hoffman, T., Jacobsen,N. &Spencer, S.Melanoma
subpopulations that rapidly escape MAPK pathway inhibition incur
DNA damage and rely on stress signalling. Nat. Commun. 12, 1747
(2021).

55. Johnson, K. et al. Integrating transcriptomics and bulk time course
data into a mathematical framework to describe and predict
therapeutic resistance in cancer. Phys. Biol. 18, 016001 (2021).

56. Kim, G. et al. Fda approval summary: vemurafenib for treatment of
unresectable or metastatic melanoma with the brafv600e mutation.
Clin. Cancer Res. 20, 4994–5000 (2014).

57. Yates, J. W. T. & Mistry, H. Clone wars: quantitatively understanding
cancer drug resistance. JCO Clin. Cancer Inform. 4, 938–946 (2020).

58. Zhou, J., Liu, C., Tang, Y., Li, Z. & Cao, Y. Phenotypic switching as a
non-genetic mechanism of resistance predicts antibody therapy
regimens. iScience 27, 109450 (2024).

59. Eigenmann, M. J., Frances, N., é, T. & Walz, A. C. PKPD modeling of
acquired resistance to anti-cancer drug treatment. J. Pharmacokinet.
Pharmacodyn. 44, 617–630 (2017).

60. Russo, M. et al. A modified fluctuation-test framework characterizes
the population dynamics and mutation rate of colorectal cancer
persister cells. Nat. Genet. 54, 976–984 (2022).

61. Shackney, S. E., McCormack, G. W. & Cuchural, G. J. Growth rate
patterns of solid tumors and their relation to responsiveness to
therapy: an analytical review. Annal. Int. Med. 89, 107–121 (1978).

https://doi.org/10.1038/s41540-025-00511-3 Article

npj Systems Biology and Applications |           (2025) 11:30 14

https://www.cancer.gov/publications/dictionaries/cancer-terms/def/metronomic-chemotherapy
https://www.cancer.gov/publications/dictionaries/cancer-terms/def/metronomic-chemotherapy
https://www.cancer.gov/publications/dictionaries/cancer-terms/def/metronomic-chemotherapy
https://www.cancer.gov/publications/dictionaries/cancer-terms/def/metronomic-chemotherapy
www.nature.com/npjsba


62. Lee,W.-P. The role of reduced growth rate in the development of drug
resistance of hob1 lymphoma cells to vincristine. Cancer Lett. 73-3,
105–111 (1993).

63. Dobson, P. D. & Kell, D. B. Carrier-mediated cellular uptake of
pharmaceutical drugs: an exception or the rule? Nat. Rev. Drug
Discov. 7, 205–220 (2008).

64. Spencer, S. L., Gaudet, S., Albeck, J. G., Burke, J. M. & Sorger, P. K.
Non-genetic origins of cell-to-cell variability in trail-induced
apoptosis. Nature 459, 428–432 (2009).

65. Shapiro, G. I. & Harper, J. W. Anticancer drug targets: cell cycle and
checkpoint control. J. Clin. Invest. 104, 1645–1653 (1999).

66. Sontag,E.MathematicalControl Theory.DeterministicFinite-Dimensional
Systems 2nd edn, Vol. 532 (New York: Springer-Verlag, 1998).

67. Fröhlich, F., Gerosa, L., Muhlich, J. & Sorger, P. K.Mechanisticmodel
of MAPK signaling reveals how allostery and rewiring contribute to
drug resistance.Mol. Syst. Biol. 19, e10988 (2023).

68. Beck, D. et al. Vemurafenib potently induces endoplasmic reticulum
stress-mediated apoptosis in BRAFV600E melanoma cells. Sci.
Signal 6, ra7 (2013).

69. Yang, E. Y., Howard, G. R., Brock, A., Yankeelov, T. E. & Lorenzo, G.
Mathematical characterization of population dynamics in breast cancer
cells treated with doxorubicin. Front. Mol. Biosci. 9, 972146 (2022).

70. Howard, G., Jost, T., Yankeelov, T. & Brock, A. Quantification of long-
term doxorubicin response dynamics in breast cancer cell lines to
direct treatment schedules.PLoSComput. Biol. 18, e1009104 (2022).

71. Delobel, T. et al. Overcoming chemotherapy resistance in low-grade
gliomas: a computational approach. PLoS Comput. Biol. 19,
e1011208 (2023).

72. Kucherenko, S., Albrecht, D. & Saltelli, A. Exploringmulti-dimensional
spaces: a comparison of Latin hypercube and quasi Monte Carlo
sampling techniques. arXiv. https://doi.org/10.48550/arXiv.1505.
02350 (2015).

73. Hong, H., Ovchinnikov, A., Pogudin, G. & Yap, C. Global identifiability of
differential models. Commun. Pure Appl. Math. 73, 1831–1879 (2020).

74. Reid, M. Undergraduate Algebraic Geometry, Vol. 140 (New York:
Cambridge University Press, 1988).

75. Loomis, L. H. & Sternberg, S.AdvancedCalculus, revised ed (Boston:
Jones and Bartlett, 1990).

76. Hong, H., Ovchinnikov, A., Pogudin, G. & Yap, C. SIAN: software for
structural identifiability analysis of ODE models. Bioinformatics 35,
2873–2874 (2019).

77. Villaverde, A. F., Barreiro, A. & Papachristodoulou, A. Structural
identifiability of dynamic systems biology models. PLoS Comput.
Biol. 12, e1005153 (2016).

78. Bressan, A. & Piccoli, B. Introduction to the Mathematical Theory of
Control1 2nd edn, Vol 336 (American Institute of Mathematical
Sciences Springfield, 2007).

79. Andersson, J. A. E., Gillis, J., Horn, G., Rawlings, J. B. & Diehl, M.
CasADi—A software framework for nonlinear optimization and
optimal control.Math. Prog. Comput. 11, 1–36 (2019).

Acknowledgements
The authors acknowledge Dr. Mohammad Fallahi-Sichani for his helpful
discussionsandaccess to thedata. EDSacknowledgessupport fromgrants
AFOSR FA9550-21-1-0289 and NSF/DMS-2052455. JLG thanks Aahna
Rathod andSwethaYogeswaran for their efforts related to this project using
a different dataset. JMG thanks Arthur Castello Branco de Oliveira for his
helpful discussion.

Author contributions
J.L.G., J.M.G. and E.D.S. conceptualized and supervised the study,
designed the model, and developed the computational framework. SP
performed model fitting, sensitivity analyses and other computations. NCL
provided theexperimental dataandconsultedonall biological aspectsof the
model. J.L.G., J.M.G., E.D.S. and S.P. wrote the initial draft of the
manuscript. All authors revised and approved the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary information The online version contains
supplementary material available at
https://doi.org/10.1038/s41540-025-00511-3.

Correspondence and requests for materials should be addressed to
Eduardo D. Sontag.

Reprints and permissions information is available at
http://www.nature.com/reprints

Publisher’s note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License,
which permits any non-commercial use, sharing, distribution and
reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if you modified the licensed material. You
do not have permission under this licence to share adapted material
derived from this article or parts of it. The images or other third party
material in this article are included in the article’s Creative Commons
licence, unless indicated otherwise in a credit line to thematerial. If material
is not included in thearticle’sCreativeCommons licenceandyour intended
use is not permitted by statutory regulation or exceeds the permitted use,
you will need to obtain permission directly from the copyright holder. To
view a copy of this licence, visit http://creativecommons.org/licenses/by-
nc-nd/4.0/.

© The Author(s) 2025

https://doi.org/10.1038/s41540-025-00511-3 Article

npj Systems Biology and Applications |           (2025) 11:30 15

https://doi.org/10.48550/arXiv.1505.02350
https://doi.org/10.48550/arXiv.1505.02350
https://doi.org/10.48550/arXiv.1505.02350
https://doi.org/10.1038/s41540-025-00511-3
http://www.nature.com/reprints
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
www.nature.com/npjsba


Supplementary Information to

Understanding therapeutic tolerance through a mathematical model of drug-
induced resistance
Jana L. Gevertz, James M. Greene, Samantha Prosperi, Natacha Comandante-Lou, and Eduardo D. Sontag

S.1 Rate Approximation

We have fit the two-compartment model (1)- (2) to obtain parameter values as a function of dose; see Table 1
for the estimated parameters θ = θ(u), where

θ(u) := (rS(u), dS(u), α(u), rR(u), dR(u)). (S1)

Recall that the drug-induced delay terms (γ1,2) were not fit, but fixed at a value of 0.01 per hour. Our
work in Sections 2.1 and 2.3 suggests that linearly interpolating the rate parameters θ with respect to the
logarithm (base 10) of the dose provides close agreement to the experimental data. Thus, utilizing such an
interpolation, we can obtain expressions for the rate parameters for all doses between 0.032µM and 3.2µM:

θ(u), u ∈ [0.032, 3.2]µM. (S2)

This interpolation is shown in Figure 6.

In order to solve an optimal control problem, it is numerically advantageous to assume that the vector
field is smooth. More specifically, we will utilize CasADI [1], an open-source framework for nonlinear
optimization and optimal control, which relies on the Interior Point Optimizer (Ipopt) software package
to solve nonlinear programming problems. Here multiple shooting methods are utilized to transform the
original optimal control problem to a constrained nonlinear programming problem, which is then solved via
Ipopt. As Ipopt implements an interior line search method, it assumes that the objective is at least twice
continuously differentiable [2], which is generally not satisfied by the function θ(u) in Figure 6; recall
θ(u) is derived from piecewise-linear interpolation on the logarithm of the doses. Thus, we approximate
the piecewise-linear rate functions by degree three polynomials using standard least-squares regression;
the original and approximating expressions are provided in Figure S1. As the polynomial approximations
closely match the piecewise-linear curves (in both the logarithmic and linear scales), for the optimal control
portions of this manuscript, we define θ(u) by the polynomial approximations in Figure S1.
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Supplementary Figure S1: Rate parameters rS , dS , α, rR, and dR in system (1) - (2) as a function of dose u.
Red circles denote fits from experimental data, blue crosses denotes piecewise-linear interpolation (on the
log scale with respect to dose), and the dotted black curve denotes a third-degree polynomial approximation
to the data. Compare to Figure 6.
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S.2 Near-Optimal Parameters for Two- and Three-Population Models

2-Pop 0.032 µM 0.32 µM 3.2 µM
Model Optimal Near-Optimal∗ Optimal Near-Optimal∗ Optimal Near-Optimal ∗

rS 0.0722 0.0693 - 0.0772 0.0722 0.0693 - 0.0772 0.0880 0.0831 - 0.0889
dS 0.1855 0.1690 - 0.2188 0.4012 0.3712 - 0.4516 0.6924 0.6462 - 0.7000
α 0.2520 0.2467 - 0.3579 0.1963 0.1737 - 0.2518 0.1048 0.0773 - 0.1204
rR 0.0532 0.0498 - 0.0546 0.0415 0.0353 - 0.0445 0.0070 0.0001 - 0.0219
dR 0.0751 0.0691 - 0.0779 0.0699 0.0581 - 0.0752 0.0137 0.0001 - 0.0417

Supplementary Table S1: Best-fit and near-optimal parameters ranges using the two-population model in
equations (1)-(2). ∗Of the 1000 best-fit parameters identified from the multi-start fitting algorithm, the
number identified as near optimal is: 201 for the dose of 0.032 µM, 422 for the dose of 0.32 µM, and 507
for the dose of 3.2 µM.

3-Pop 0.032 µM 0.32 µM 3.2 µM
Model Optimal Near-Optimal∗ Optimal Near-Optimal∗ Optimal Near-Optimal ∗

rS 0.0530 0.0507 - 0.0550 0.0716 0.0675 - 0.0769 0.0881 0.0837 -0.0890
dS 0.1650 0.0714 - 0.1896 0.3709 0.3229 - 0.4355 0.6926 0.6466 - 0.7000
q 0.2691 0.2681 - 0.5990 0.2330 0.1981 - 0.3489 0.1067 0.0911 - 0.1266
β 0.0531 0.1026 - 0.5999 0.1689 0.0331 - 0.5992 0.3205 0.0001 - 0.6000
rR 0.0530 0.0505 - 0.0537 0.0414 0.0356 - 0.0506 0.0069 0.0003 - 0.0890
dR 0.0748 0.0701 - 0.0762 0.0696 0.0588 - 0.0856 0.0134 0.0043 - 0.6799

Supplementary Table S2: Best-fit and near-optimal parameters ranges using the three-population model
in equations (4)-(6). ∗Of the 1000 best-fit parameters identified from the multi-start fitting algorithm, the
number identified as near optimal is: 207 for the dose of 0.032 µM, 362 for the dose of 0.32 µM, and 655
for the dose of 3.2 µM.
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S.3 Inclusion of Pre-Existing Resistance in Two-Population Model

Parameter 0.032 µM 0.32 µM 3.2 µM
R(0) = 0 R(0) = 0.01 R(0) = 0 R(0) = 0.01 R(0) = 0 R(0) = 0.01

rS 0.0532 0.0532 0.0722 0.0725 0.0880 0.0886
dS 0.1855 0.1869 0.4012 0.4044 0.6924 0.6967
α 0.2520 0.2514 0.1963 0.1963 0.1048 0.1040
rR 0.0532 0.0532 0.0415 0.0413 0.0070 0.0068
dR 0.0751 0.0752 0.0699 0.0696 0.0137 0.0133
ζopt 44.762 44.763 33.406 33.392 22.159 22.094

Supplementary Table S3: Comparison of best-fit parameters and optimal value of the cost function when
there is no pre-existing resistance (R0 = 0) compared to when 1% of cells are initially resistant to the drug
(R0 = 0.01).

S.4 A Variation on the Three-Population Model

Here, we introduce a three-population model in which quiescence is a terminal state, rather than a transitory
state en route to resistance. To this end, we modified the original three-population model by allowing the
drug to induce a fraction 0 ≤ π ≤ 1 of sensitive cells (S) into a quiescent state (Q) and the remaining 1− π
into a resistant state R. Setting β = 0 in the original three-population model results in a model where both
quiescence and resistance are possible terminal states. The equations are as follows:

Ṡ = rSS − dS(1− e−γ1t)S − α(1− e−γ2t)S (S3)

Q̇ = πα(1− e−γ2t)S (S4)

Ṙ = (1− π)α(1− e−γ2t)S + rRR− dR(1− e−γ1t)R. (S5)

The optimal fits of this model at a dose of 0.032, 0.32 and 3.2 µM are shown in Figure S2. The optimal
parameterization is found in Table S4, with parentheses showing optimal for the original three-population
model.

The optimal parameterization of this alternate three population model shows that, at low and intermediate
doses, cells generally shuttle from S directly to R, skipping over Q (since π is small). Sensitive and resistant
cell behavior is generally unchanged from the original model. At high dose, half of the cells go to Q while
the other half go to R. The resistant cells behave quite differently than before - they grow very slowly,
and are killed quite easily. As a result, the resistant population cannot be sustained (and S is naturally
eliminated by drug), so the tumor is composed completely of quiescent cells by the end simulation time.
This aligns with the results of the original three-population model, which predicted that resistant cells were
categorized by such a low growth rate that they were effectively quiescent. Further, just like with the original
three-population model, parameters lack identifiability in the alternate three-population model (Figure S3).

4



Supplementary Figure S2: Fits for revised three-population model.
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Drug Concentration
Parameter 0.032 µM 0.32 µM 3.2 µM

rS 0.0531 (0.0530) 0.0723 (0.0716) 0.0864 (0.0881)
dS 0.1849 (0.1650) 0.4024 (0.3709) 0.6064 (0.6926)
α (compare to q) 0.2511 (0.2691) 0.1994 (0.2330) 0.3241 (0.1067)
π (no comparison) 1.477×10−4 0.0239 0.4956
rR 0.0531 (0.0530) 0.0418 (0.0414) 1.166×10−4 (0.0069)
dR 0.0751 (0.0748) 0.0744 (0.0696) 0.6063 (0.0134)
ζopt 44.76 (44.82) 33.40 (33.34) 22.04 (22.14)

Supplementary Table S4: Best-fit parameters for revised three-population model. When applicable, the italic
value in parenthesis specifies the best-fit value of the parameter in the original three-population model.

Supplementary Figure S3: Histograms for revised three-population model.

6



S.5 Comparisons With Other Mathematical Models

As discussed in Section 1, the mathematical model used in this paper is a modification of the one that we had
introduced in [3] and further analyzed in [4]. Since the publication of [3], several alternative mathematical
models of emergence of therapy resistance have been proposed by other authors, so it is useful to briefly
review these and compare among them and to our original and revised models. We do that here.

The equations presented in the paper [5] model the dynamics of phenotypic adaptation in cell subpopula-
tions, both on- and off-treatment, by a monoclonal antibody therapy (cetuximab, used on colorectal cancer
cells). The equations during treatment are as follows:

Ṡ = λS − µS − δSe
−ktS

Ṙ = λR+ µS − δRe
−kte−wtR .

The cell proliferation rate λ is assumed to be the same in both sensitive (S) and resistant (R) populations.
When the treatment is on, S cells may acquire resistance, and they switch to R cells at a rate µ. Cytotoxic
effects on S and R are modeled by two linear terms, −δSe

−kt and −δRe
−kt respectively. The efficacy

of the drug is assumed here to diminish at an exponential rate e−kt, because of the declining function of
effector cells such as NK cells. The term e−wt is used to model transience of resistance, which evolves
under selective pressure at rate w. When the treatment is off, a different set of equations is used. In this
regime, resistant R cells switch back to sensitive cells S at a rate of µ̃, but no cell death is assumed:

Ṡ = λS + µ̃R

Ṙ = λR− µ̃R .

In contrast to our model, the rates of death of both the S and R subpopulations decrease with time (more for
R than for S due to the term e−wt representing transience of resistance), and the growth rates are the same
for both subpopulations.

The paper [6] employs a simpler model of resistance to targeted therapy (particular, the EGFR inhibitor
gefitinib) or classical chemotherapy (paclitaxel). The authors focus on the fact that, under therapy, tumor
volume initially decreases, but eventually increases again due to resistance. There is one tumor volume (or
total number of tumor cells) equation, which can also be found in [7]:

V̇ =
(
λ− δe−kt

)
V .

Here, δ > 0 quantifies the maximum drug effect, which occurs at the beginning of treatment. This effect
exponentially decreases as resistance arises, and λ > 0 represents the net growth rate after the drugs have
lost its effect due to resistance. It is assumed that δ > λ, so that at small times, prior to the emergence of
resistance, the drugs are effective (negative net growth rate). Observe that, in contrast to our model and the
model in [5], there is a single tumor volume equation instead of separate equations for sensitive and resistant
cells. Interestingly, if we set δR = δS = δ and w = 0 (no transience of resistance) in the model in [5] then
we recover these models from [6, 7] for the total cell population V = S +R.

The paper [8] employs a tumor growth model to evaluate patient-specific resistance to radiation combined
with pembrolizumab and bevacizumab treatments for high-grade glioma. There are two equations, one for
tumor growth dynamics and one for the death rate:

V̇ = (λ− γ)V

γ̇ = −kγ .
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where k indicates the rate at which resistance develops. With δ = γ(0), this can be summarized by dV/dt =
(λ− δe−kt)V , which is the same model as in [6, 7].

The paper [9] has a more complex model, involving three subpopulations: sensitive (S), persister (P ), and
resistant (R):

Ṡ = λS (1− βC)S log(K/V )

Ṗ = λP (1− µ)P log(K/V )

Ṙ = λRR log(K/V ) + λPµP log(K/V ) .

Here K is a carrying capacity term, V = S + P + R, λi are the Gompertz growth rate constants in the
absence of drug, a proportionality term βC models death of sensitive tumor cells as a function of drug
plasma concentration C(t), and the persister population P transitions to the resistant compartment with a
mutation probability µ. This model differs from ours in many ways, including the Gompertz growth term
(we tested Gompertz models and obtained poorer fits to our data), the lack of delays for drug action, and the
use of three compartments, which we found did not improve fits to COLO858 response to vemurafenib in
vitro.

The paper [10] focuses on melanoma adaptive therapy through two ODE models of interactions between
drug-sensitive and resistant cells. In a first model, drug-sensitive (S) and drug-resistant (R) subpopulations
compete for limited resources through a classical Lotka-Volterra competition for resources mechanism:

Ṡ = λS

(
1− S +R

K

)
S − δS

Ṙ = λR

(
1− cS +R

K

)
R .

Here K is a carrying capacity and the parameter c quantifies the degree to which sensitive cells inhibit the
growth rate of resistant cells in comparison to resistance cells among themselves. The authors assume that
λS = 0 during treatment, because they model BRAF/MEK inhibitors which are assumed to act through
growth inhibition as well as apoptosis (δ term). An alternative model proposed in the same paper sets
c = 1 but incorporates phenotypic switching between drug-sensitive and drug-resistant cells, with induced
transitions from sensitive to resistant states (term αS) or vice-versa (term βR):

Ṡ = λS

(
1− S +R

K

)
S − αS + βR− δS

Ṙ = λR

(
1− S +R

K

)
R+ αS − βR .

It is assumed that the transition rate constant α is non-zero during treatment, and is zero otherwise, and that
the transition rate constant β is nonzero when treatment is off and is zero otherwise. This model is similar
in many ways to our model in [4], which is cited in [10], but with several important differences, including
the fact that the population-switching terms are only active during therapy or not, and that R cells are fully
resistant (no death term).

The paper [11] developed a model for induced resistance of colorectal cancer cells to targeted therapies. The
model has sensitive (S) and drug-tolerant persister (P ) populations:

Ṡ =
(
λS − δS(u(t))− λ(u(t))

)
S

Ṗ = −δPP + λ(u(t))S .
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Drug-treated cells can die, replicate, or switch to a persister state P at a rate λ in a dose-dependent fashion
λ(u(t)). u(t) is the amount of drug at time t, and it is either constant or linearly increasing (see [11],
Supplementary Information, Extended Data Figure 5). Resistant cells are not explicitly modeled, because
it is assumed that persisters that attempt to divide before acquiring drug-resistance mutations die, and thus
a possible back-switching from persister to sensitive populations in the presence of drug would simply be
incorporated into their death rate. Note that the death rate δS(u(t)) of sensitive cells is assumed to be drug-
dependent, but that of persister cells is not. This model differs from ours in many ways, including the fact
that we have delays in drug action and phenotype transitions, and that a reverse phenotype transition back
to sensitive type is non-negligible (and needed for fits). Note, however, that our three-population equations
with a “quiescent” population could be thought of as having a persister compartment.

In summary, although different, these models share important features with ours, although they differ in
important ways. For additional discussion, see also the review article [12].

S.6 Optimal Control as a Function of Total Applied Dosage

Supplementary Figure S4: Optimal tumor size, as determined by the optimal control problem posed in
Section 4.5, as a function of total dosage.
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