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Recovering biomolecular network
dynamics from single-cell omics data
requires three time points

M| Check for updates
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& Eduardo D. Sontag®*

Single-cell omics technologies can measure millions of cells for up to thousands of biomolecular
features, enabling data-driven studies of complex biological networks. However, these high-
throughput experimental techniques often cannot track individual cells over time, thus complicating
the understanding of dynamics such as time trajectories of cell states. These “dynamical phenotypes”
are key to understanding biological phenomena such as differentiation fates. We show by
mathematical analysis that, in spite of high dimensionality and lack of individual cell traces, three time-
points of single-cell omics data are theoretically necessary and sufficient to uniquely determine the
network interaction matrix and associated dynamics. Moreover, we show through numerical
simulations that an interaction matrix can be accurately determined with three or more time-points
even in the presence of sampling and measurement noise typical of single-cell omics. Our results can
guide the design of single-cell omics time-course experiments, and provide a tool for data-driven

phase-space analysis.

In recent decades, experimental single-cell profiling techniques, such as
single-cell RNA sequencing', multiplexed immunofluorescence’, or mass’
and multiparametric flow cytometry’, have enabled the simultaneous
measurement of biomolecular abundances for many (n = 10'-10%) biomo-
lecules—such as proteins or RNAs, in large numbers (N = 10°~10°) of cells.
These biomolecules constitute highly complex biological networks and their
changes over time may in principle be modeled by dynamical systems. The
time trajectories of these dynamical systems represent cell states and can be
interpreted as “dynamical phenotypes” that are fundamental to under-
standing biological phenomena at various time-scales, from cell cycles to
circadian rhythms to differentiation.

Past works have modeled biomolecular subnetworks by fitting dyna-
mical systems model parameters to other forms of data (e.g., low-
dimensional live-cell imaging or bulk population-averaged expression data),
enabling predictions about how cell cycle timing can be biochemically
manipulated’, how different cancer signaling pathways respond to drugs®, or
how gene regulatory networks affect cell-type differentiation’. However,
this standard approach of fitting pre-specified models to data is limited by
computational feasibility in higher dimensions, prior modeling assump-
tions, and data availability’. Single-cell omics have the potential to alleviate
the problem of data availability, but with the caveat that the data often
cannot provide single-cell time series due to the destructive sampling

typically involved in omics approaches, which also precludes the direct
application of powerful data-driven dynamical analysis tools like Dynamic
Mode Decomposition'’. Thus, various computational approaches tailored
to single-cell omics data are being developed to aid dynamical analysis of the
biomolecular networks inside cells', to understand how cell functions
might be driven by molecular interactions.

Newly developed methods for inferring single-cell omics dynamics
might be crudely categorized as follows: pseudotime'', which fits data using
one-dimensional shapes such as curves, trees, or graphs that are then
interpreted as “axes” of time; RNA Velocity”, which estimates the instan-
taneous rates of change in measured mRNA transcripts based on models of
the abundances of different post-transcriptional states of any given gene;
potential landscapes"’, which model the single-cell data distribution as being
generated by certain classes of dynamical systems such as gradient
dynamics; or even extensions of the traditional model-fitting strategies'*.
Intriguingly, these methods often have the peculiar property that they infer
time-varying dynamics using as few as one timepoint of single-cell omics
data, i.e., without needing to explicitly use time information. Some notable
exceptions make explicit use of time information, including Waddington-
OT", which relies on an optimal transport assumption to trace out
dynamics, PRESCIENT', which still uses a gradient assumption but
incorporates time information when evaluating the goodness-of-fit of
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candidate potential functions, and Tempora'’, which models dynamics at a
coarser level of transitions between cell states while leveraging pathway
enrichment information. The Dynamo framework'® can use different types
of time information, e.g. by modeling the metabolic labeling and expression
kinetics of time-resolved single-cell RNA sequencing data to infer RNA
velocities. Overall, it is not always clear how the various assumptions across
various methods may bias the interpretation of single-cell dynamics, espe-
cially for methods that can accommodate data with only one timepoint.

Meanwhile, in the standard approach of inferring the equations of an
n-dimensional dynamical system x = F(x) from finding best-fits to time-
series data, one would expect at least O(n) time points to be necessary"’
(depending on the assumed form of F(x)) to even have a unique best fit to
data. However, single-cell omics experiments are able to survey variation
(i.e., single-cell heterogeneity) at a given timepoint, which in general can also
provide rich information for identifying a best-fitting model, e.g, different
mechanistic models of biochemical processes can be indistinguishable when
formulated as deterministic dynamical systems, but become identifiable
upon modeling stochastic fluctuations™. Thus, it is currently unclear how
many time points of single-cell omics data are needed, and how one might
feasibly perform data-driven dynamical analysis, while avoiding strong
assumptions.

This work provides an initial answer to these questions. As a start, we
analyze the problem for linear dynamical systems x = Ax, which can
represent local approximations of nonlinear dynamical systems x = F(x)
around steady states x,;. The entries of the matrix A represent the network
interactions. Through mathematical analysis, we prove that three time
points are theoretically necessary and sufficient to uniquely determine A
using the statistics of generic single-cell omics time-series data; we use
“generic” in the technical sense that all the exceptional instances, in which a
particular three-timepoint dataset is insufficient to uniquely determine A,
form a set of measure zero, i.e., they have a “zero”-probability of occurring
amongst all possible datasets. Our results suggest that many existing
methods for dynamical analysis of single-cell omics data make, in some
sense, stronger assumptions than even linearity, given that they require only
one timepoint. Simultaneously, our results also show that an unbiased data-
driven analysis of n-dimensional dynamics is quite feasible, as the required
number of time points does not scale with the dimension #. Motivated by
our mathematical analysis, we use a method of moments to infer dynamics
from simulated data. We show that even in the presence of sampling noise
and measurement noise that is typical of single-cell omics data, linear
dynamics x = A(x — x,,) can still be estimated accurately using 3 or more
time points, up to # ~20, upon which sample size N (i.e., number of cells) and
measurement noise introduce substantial estimation error. Finally, we
address the effect of non-linearities or unobserved variables of a dynamical
system on the interpretation of dynamics A that can be estimated from data.

Results

Terminology and problem formulation

Consider a single-cell omics experiment. At a time point f; a collection of N
cells are sampled from a homogeneous cell population. For each of the
sampled cells, # features are measured, e.g, the levels of various proteins,
RN As, histone modifications, etc. Thus, the results are recorded in an N x n
measurement matrix.

To model this process, we assume that each of the sampled cells is
running an identical dynamical system in an n-dimensional state
space, but with possibly different initial conditions at measurement
time t;, i.e., as might ideally be expected of an isogenic cell line cul-
tured in a well. Let the state of each cell be x, € R" at time ¢ > 0. The
time evolution of each cell is described by the deterministic ODE
x = F(x) for some unknown function F and an initial condition x, =
x(0). Since the population is homogeneous, random initial conditions
constitute the only source of variation among cells in our model.
Therefore, we assume that x, is a random variable with a probability
density function fo(x). At time ¢, the state evolves from x to x; and the
probability density evolves to fi(x). Therefore, each row of the

measurement matrix is a sample of the random variable x, , where ¢; is
the measurement time. Using the measured data, we can estimate the
mean and covariance of x,. Hence, denote y, := (x,) = E[x,], and
3, = ((x, — u)(t) — u)") == El(x, — u)(x, — )"}, which we
assume to be a positive-definite matrix.

Assume now that F is affine, with a steady state x such that F(x,) = 0.
Then x = F(x) = A(x — x,,) for some matrix A € R"*". Therefore, x, =
e*(xo — Xs) + X, By linearity of expectation, we can describe the time
evolution of the mean and the covariance as follows:

Uy = etA(HO - xss) + Xes Zt = etAZO(etA)T'
Note that the time evolution of the mean g, depends on the steady-state x,
while the corresponding equation for the covariance does not. This
motivates the following definition:

Definition 1 Let P, Q be symmetric positive definite matrices. Then (P,
Q) is said to be an ordered pair of covariance matrices with respect to a matrix
A and time interval t > 0 iff Q = etAP(e’A)T. Similarly, an ordered pair of
vectors (p, 0) s.t. 0 — xi = e™(p — x,,) is said to be an ordered pair of means.

Hence, we are interested in finding the matrix A using the given pairs
(20, Z) =: (P, Q) and (U, pr) =: (p, 0) to solve for A. A single pair (P, Q), (p,
0) will be insufficient to solve for A, so we consider cases with multiple pairs
(P» Q) (ps» 6)), in which the P/’s and p;’s are distinct over i, i.e., each pair
corresponds to a different initial distribution of x, as characterized by their
first and second moments g, X. This includes the common scenario of
measuring a single time series f(x),f " x),f L x),f ' (x),... by taking
Pi=%,Q =%, ,andp; =y, 0;=pu, ,butalso includes the more
general scenario in which multiple time series are measured from different
distributions fo(x), go(x), ... of initial conditions.

Main theorems

We aim at finding the smallest number of pairs of means and cov-
ariance matrices that are needed to find the matrix A of a linear
system. We focus our attention on the generic case of a matrix A
which is invertible and diagonalizable, possibly with complex
eigenvalues. We will show that two generic pairs of means (p;, 6;) and
of covariances (P, Q;) are necessary and sufficient to uniquely
determine A and x. Also, we will show that three generic pairs of
covariances (P, Q;) can be sufficient to uniquely determine A. In
either case, the geometric intuition might loosely be characterized as
follows: a single pair of covariances can show how the distribution is
stretched in various directions by the dynamics of A, but cannot
resolve how the distribution is rotated and/or reflected by the
dynamics; a second pair of covariances is able to resolve the rotation
except for various choices of reflections; finally, the information
contained in two pairs of means or a third pair of covariances is able
to resolve the ambiguous reflections. In what follows, we denote the
group of all orthogonal n x n matrices as O,,, and the set of positive
definite symmetric matrices as S: Our main results are:

Theorem 1 For each positive number t > 0, let A, , be the set of n x n real
matrices A such that, for every eigenvalue \; = a; + ib; of A, it holds that |bj| <
n/t.

There is a generic (meaning open, dense, and with complement of
measure zero) subset S C S} x ST x R" x R" with the following property.
Suppose given a matrix-vector-tuple (Py, Py, p1, p2) € S, two matrices
A,B € A, ,, and two vectors x, Xp, such that the following properties hold:

etAP,-(etA)T = etBP,-(etB)T fori=1,2

and

tA

e (p, — x,) +x, = eBlp, — xp) + x fori=1,2.

Then A = B and x, = xp. In other words, two matrix-vector pairs uniquely
determine A.
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Theorem 2 For each positive numbert > 0, let B, , be the set of n x n real
matrices A such that, for every eigenvalue \; = a; + ib; of A, it holds that |bj| <
7/(2¢).

There is a generic (meaning open, dense, and with complement of
measure zero) subset T C S+ x ST x ST with the following property. Sup-
pose given a matrix-tuple (P, P,, P;) € T, and two matrices A, B € B, ,, the
following properties hold:

nt>

P4 = P (e®) fori=1,2,3.
Then A = B. In other words, three matrix pairs uniquely determine A.

We will show that the pairs of covariance matrices provide us with the
majority of the information on the transition matrix e, and that subse-
quently the pairs of means can be used to determine ¢ from amongst a
finite set of possibilities. To determine A from e using matrix logarithms,
we will show that sufficiently small ¢ relative to the dynamics of A enables us
to determine A uniquely, in close resemblance of the Shannon-Nyquist
Theorem, but that time-series data with varying time intervals can effec-
tively remove the small-¢ constraint.

Remark 1 It is important that the covariances are assumed to be positive
definite as opposed to positive semi-definite, since any subspace along which
there is zero variance provides less information about how the dynamics
stretch the distribution of cell states. For example, in the extreme limit for
which the covariances are simply the zero matrix, one would only have
information on how the mean value is shifted by the dynamics, and O(n)
time-points would be needed to solve for e as opposed to three time-points.

In what follows, we will show that the first pair of covariances roughly
determines e up to rotations, that the second pair of covariances deter-
mines ¢ up to reflections, and that the two means can then determine et
uniquely.

First pair (P;, Q,) gives e* up to an orthogonal matrlx R
We introduce the notations V = ¢, and Q, = ¢ P,(e"*)", giving;

Q =vp VT 1)

AsP,,Q €S/
also positive deﬁmte,
following result.
Theorem 3 Given a nonsingular V € R**", and P,,Q, € S}, the
following statements are equivalent:
1. Q =VPV'
2. There exists some R € O,, such that V = Q)

, they each have a umquely defined square-root that is
2 and Q , respectively. Hence, we state the

1/2pp 1/2

Proc}f To show property 2 implies property 1, we plug V =

1/2 into the RHS of Eq. (1):

Q1 (QI/Z I/Z)PI(PII/ZRTQVZ)

= (Q2RP;VA(PV?) (P PRI Q)
_ Q' RRTQY?

o =

To show property 1 implies property 2, we rearrange Eq. (1) after taking
square roots:

1/2 ~1/2 1/251/2
1/ 1/ — VPI/ Pl/ VT
I — Q71/2VP1/2P1/2VTQ71/2

(Q—I/Z VPl/Z)(Q—l/ZVPI/Z) 7

ie,R= Qfl/ZVPl/2 € O, which rearranges to V = Ql/2 1/2 |:|

Thus, a single pair of covariance matrices only spec1ﬁes et

1 2RP1 12 up to rotations and reflections represented by R € O,,.

Second pair (P., Q,) gives e” up to a diagonal sign matrix ©
Assume that we are given two pairs of covariance matrices (P, Q2), (P, Q;)
where P; # P,. Using Theorem 3, the first pair determines the transition
matrix Vup toafactor R € O, The nextlemma shows that the second pair
provides additional constraints on R, but also that there are constraints on
(P,, Q,) if a solution V is to exist:

Lemma 4 Given a nonsingular V € R"™", and positive definite pairs

(P1, Q1) and (P, Qy), define
M :=Q;?Q,Q;"* and N := P;'/?p,P["/2.
Then, then following statements are equivalent:
1. The following equalities hold:

Q, =vp vl Q,=vp, VT )

125 1/2

2.V=Q , for some R € O, such that MR = RN.

Proof Suppose that property 1 is true, so that Eq. (2) holds. It follows
from Theorem 3 that thereis some R € O, such that V = Ql/ 2 1/ * For
this R, Q, = VP,V if and only if MR = RN, because of the following
equivalences:

Q, = VP,VT & Q, = (Q/°RP;)Py(P;'*RTQ)?)

& (QQQ ") = R P PR
& M = RNR"
< MR = RN.

Conversely, suppose that property 2 is true, for some R. Following the
above equivalences backwards, we conclude that Q, = VP, V7, so property 1
holds. []

Observe that, in the previous lemma, the (symmetric and positive-
definite) matrices M and N are similar (with an orthogonal similarity
transformation R), and thus M and N have the same eigenvalues. The
following corollary is clear from the proof and is stated for future reference:

Corollary 5 Let M, N be defined as in Lemma 4. Then there exist
Uy, Uy € O, and a unique diagonal matrix A € R" with the entries on
the diagonal sorted in descending order such that

M = UyAUL N = UyAUL. (3)

We already pointed out that M and N have the same eigenvalues.
We next assume that these eigenvalues are distinct. We will show in a
later section that this assumption holds generically. We are now ready
to state the main result in this subsection. We will say that an n x n
matrix @ is a signature matrix if it is diagonal and ®? = [, that is, its
diagonal entries are + 1 or — 1. Every signature matrix is orthogonal,
since @@ =0"=1

Theorem 6 Given a nonsingular V€ R"*", and positive definite pairs

(P1, Q)) and (P, Q,), define

1/2 1/2 1/2 1/2

M :=Q;"*Q,Q;"* and N := P;'/*P,P]
Suppose that N has distinct eigenvalues, and M, N are orthogonally similar.
Then, then following statements are equivalent:

1. The following equalities hold:
Q =VP,V', Q =VP,V". (4)

2. There exist orthogonal matrices Uy and Uy and a signature matrix ©
such that

V= QI/ZUM®UT —1/2 (5)
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Proof Suppose that property 1 holds. By Lemma 4, we may 1plck some
R € O,, such that MR = RN, and with this R we have that V = Q1 _1/ 2,
We can then pick Uy, Uy, and A as in Corollary 5. Deﬁne G) = ZMRUN,
which means thatR = UM® UT Substltutlnﬁ intoV = Q1 *RP; %, we get
the desired equality V = Q1 ‘U wO®ULP /" Thus, we only need to show
that © is a signature matrix. The matrix @ is orthogonal, since orthogonal
matrices form a group under matrix multiplication and each of UL, R, and
Uy is orthogonal. Observe that

R=RN & (UyAUL)R = R(UyAUYL) &

AUTLRUy) = (ULRU,)A < A® = OA.

Since we know that MR = RN, the last equivalence shows that A commutes
with @. Also N has distinct eigenvalues, so it follows that A, which is similar
to N, has distinct eigenvalues as well. It is an easy exercise in linear algebra to
show that an orthogonal matrix that commutes with a diagonal nonsingular
matrix must be diagonal. Thus ® is not only orthogonal but is also diagonal,
and therefore = @@" = @”, showing that @ is a signature matrix as claimed.

Conversely, suppose that property 2 holds. Define R := U,,0UL,
which is an orthogonal matrix. Since M and N are orthogonally similar, they
share eigenvalues that can be arranged in a diagonal matrix A, which would
commute with the signature matrix ®. Following Eq. (6) in reverse, one
finds that MR = RN. Thus, by the implication (2) = (1) in Lemma 4, we have
that Q, = VP, V" and Q, = VP,V'.[]

Thus, asecond palr of covariance matrices specifies 2" possible matrices

Q1 ‘U MOULP] ?, for all the possible signature matrices @. Intui-

t1vely, this signature matrix compensates for the arbitrary choice of sign on
the basis Uy, relative to Uy.

Remark 2 Without assuming A has distinct eigenvalues, there are other
non-diagonal solutions that satisfy ® € O, and A® = OA. Hence, the
number of possible solutions would be much larger than 2".

Two further pairs of means (o4, 6;) and (o», 8,) determine e*

and X

Using the first moments of the distributions at different times, we can find
additional constraints on ¢, provided the means p;, p,, 0, 0, are con-
strained so that a solution for e exists.

Lemma 7 Given a nonsingular V.€ R"*" and x, € R", and quad-
ruples (P, Q,p;, 0,), (P, Qy,p,,0,) € STxSHxR"x R", and for Uy,
Uy as defined in Corollary 5, define:

V=ULQ; %6, -6, and W :=ULP*(p, —
Assume that N has distinct eigenvalues, and M, N are orthogonally similar as
in Theorem 6. Then, the following statements are equivalent:

1. The following equalities hold:

Q =vpP VT, Q,=vpP, VT, )

91 = V(pl - xss) + X 9 - V(Pz - xss) + X (8)

2. For some signature matrix ©, such that v = @w

QI/ZU G)UT —1/2 )

X = (V - I)_I(VP1 - 61) (10)

Proof Suppose that property 1 holds. We rearrange the equations for
0,, 6, and subtract them from each other:

91 X = V(P1

= 0

xss) 6 — X —V(P2
—0,=V(p, —p,)

SS

From Theorem 6, we know that V = Ql/ 2 U,®ULP; ~12 for some
signature matrix @, so:
91 - 92 = V(Pl -
0, -6, = 1/2UM®UTP_1/ (py —p2) (11)

U&Q;I/Z(Gl =06, = ®UN 1/2(P1 =P

Since we defined 7 = U&Q1 1/2(9 —0,) and W :=ULP; 12
(p, —py) € R, wegetv—@w
To solve for x,, we simply re-arrange the expression for 0;:

61 = V(pl - xss) + X
Vpl - 91 = szs — X
(V - I)il(Vpl - 91) = X

Conversely, suppose that property 2 holds. By Theorem 6, we know
that Q; = VP,V' and Q, = VP,V". By simple re-arrangement of the
expression for x,, we arrive back at 6; = V(p; — x,;) + %, Furthermore, by
following Equations (11) in reverse, we arrive back at 6; — 8, = V(p; — p,).
‘We may then subtract the expression for §; — 8, from the expression of 9, as
follows:

0, — (6, = 6,) = V(p,
92 = V(Pz

- xss)+x:s -

- xss) + Xsss

(Vp, = Vpy)

completing statement 1. []

Provided the existence constraint from the above lemma, we may solve
for e and x:

Theorem 8 Given a nonsingular V€ R"" and x, € R", and
quadruples (P}, Qy, p,, 01), (P, Qyy p5,0,) € ST x ST x R" x R, and for
Uns Uy as defined in Corollary 5, define:

V= ULQ 46, — 6,) and W := ULP;*(p, — p,).

Assume v;# 0 and w; # 0,V i, and that vV =0w for some signature matrix

©. Also assume that M, N are orthogonally similar, and that N has distinct

eigenvalues, as in Theorem 6. Then, then following statements are equivalent:
1. The following equalities hold:

Q, =ve vl Q,=vp, VT, (12)

61 = V(P] - xss) + X 62 = V(Pz - 'xss) + X (13)

2. There exists a signature matrix D given by D;; := sgn(v;/w,), such that:

1/2

v = Q/*u,pukp; . (14)

Xes = (V - I)il(vpl - 91) (15)

Proof Suppose that property 1 holds. By Lemma 7, we know that
V= Q1/2U @UT 2, and that v = ®W. Since @ is a signature
matrix, then v, = ®,,w,, and so v;and wl- only differ by a sign. We may find a
solution D for © by simply taking D;; := sgn(v;/w,), choosing the notation
sgn() to emphasize that vi/w; =+ 1. Also by Lemma 7, we know that x; = (V

-1 (VP1 0,).

Conversely, suppose that property 2 holds. Since 7V = OW for some
signature matrix ®, the definition of D implies that ® = D. Thus, by the
implication (2) = (1) in Lemma 7, we recover statement 1. []

There is a unique solution for ® so long as v;, w; # 0 V i, which we show
in a later section is generically true. Thus, V = ¢" and x,, are uniquely
determined from two pairs of means and covariances.
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Three pairs of covariances (P;, Q) can determine + e*
We have established that two pairs of covariance matrices alone are not
enough to determine e uniquely, due to ambiguity in “reflections” repre-
sented by a signature matrix ®. A third pair of covariance matrices (P, Q3) is
enough to resolve this ambiguity, provided a solution " exists:

Lemma 9 Given a nonsingular V€ R"*", and positive definite pairs
(P1, Q1), (P2, Qy), (P3, Q3), let Uy, Uy be defined as in Corollary 5, and define:

X := ULpy*P, Py Uy and Y = ULQ 2 Q,Q 2 Uy,

Assume that N has distinct eigenvalues, and M, N are orthogonally similar as
in Theorem 6. Then, the following statements are equivalent:
1. The following equalities hold:

Q, =ve vl Q, =vp,vl Q= vP, VT (16)

1/2

—1/2

2. For some signature matrix ©,V = Q, , such that

Y = 0X0.

Uy OULP]

Proof Suppose that property 1 holds. We substitute the previous
solution for V from Theorem 6 into the analogous equation to Eq. (1) for the
third pair:

Q = VPV & Q = Q2U,0ULP; " 2p,QY2U,0ULP; Y
& UrQ'?Q,q " ?u,, = oLp ' *p,py P U0,
& Y = 0X0.

17)

Conversely, suppose that property 2 holds. Since ® is a signature
matrix, and M and N are orthogonally similar, then Q, = VP, V" and Q, =
VP,V by Theorem 6. By following Equations (17) in reverse, we get Qs =
VP; V7, completing statement 1. []

Provided the existence constraint from the above lemma, we may solve
for e™;

Theorem 10 Given a nonsingular V.€ R""", and positive definite
pairs (Py, Qq), (P2, Qy), (P3, Q3), let Uy, Uy be defined as in Corollary 5, and
define

nxn

1/2 1/2 1/2 121

X := ULP; Uy and Y := UL Q7 *Q,Q;
Assume that the node-edge graph Gy, associated to X, treating each non-zero
entry [X];; as an edge weight between the n nodes, has a single connected
component, and that Y = @XO for some signature matrix ©. Also, assume
that N has distinct eigenvalues, and M, N are orthogonally similar as in
Theorem 6. Then, the following statements are equivalent:
1. The following equalities hold:
Q =VP VT Q,=VP,VT, Q, = VP, VT (18)
2. There exist two signature matrices, =S, given by S|, =1 and the
remaining diagonal entries S;; = sgn([Y];/[X];), i = 2, .., n,i#j,such

that either V = —|—Q1/2UMSUT T or v o= Ql/2 UMSUT o2

Proof Suppose that property 1 holds. By Lemma 9, we know that for
some signature matrix @, V = QY/2U,,@U%L P, /? and that Y = ©X®. The
last equation takes the following form entrywise.

Vi = ®i®jxij (19)
for Y=y;;, X = x;, and the diagonal entries ®; =+ 1 of ®. Thus, from the sign
of y;/x;; (provided that x;; # 0), we may determine the relative sign of ®; to

©;. Starting by assuming ®; = 1, we can determine ©; for all neighboring ’th
nodes of node 1 on Gy. Similarly, since Gy has a single connected

component, one may determine the signs of ®; V j by following the edges of
Gy. Hence, we define S to be the diagonal matrix with non-zero entries
Syp =1, and S;; = sgn(y;;/x;), for 22 and any j = i, using the notation
sgn() to emphasme that y;;/x; =+ 1. Then ® = + S are the two solutlons to
Y = ®XO, giving the final solutions V = + Q1/ UyS UTP

Conversely, suppose that property 2 holds. Since we assume that Y =
©XO for some signature matrix ®, the definitions of +S imply that
® = £8§. Thus, by implication (2) = (1) in Lemma 9, we recover the
equalities of statement 1. []

We will show in a later section it is generically true that G has a single
connected component.

Remark 3 Note that determining V up to a sign is the best one can do
using covariances {P;, Qj}, since:

P, =VQ,V!l = (-n)Q,—=vDh. (20)

Thus, three pairs (P;, Q;) determine V up to a sign, and additional pairs
provide no further constraints on V.

Genericity of assumptions on (P;, Q;) and (p;, 6;)

We first show three lemmas that will be used in proving genericity, noting
that we will use “analytic” or “algebraic” sets to mean sets with positive
codimension. The first lemma is, of course, well-known.

Lemma 11 Theset Z, C S of matrices with repeated eigenvalues is an
algebraic set.

Proof Let 11 be the characteristic polynomial of B. The discriminant of
7 (the resultant of 77z and its derivative 7r};) for a matrix B € Z; with repeated
eigenvalues will be zero. The coefficients of 7z are polynomial functions of
the entries b; of B. Thus, Z, is an algebraic set. []

Lemma 12 The uniquely defined positive definite square root P* of a
positive definite matrix P € S} has entries that are analytic functions of the
entries of P.

Proof This follows by applying the tools of holomorphic functional
calculus, which insure (for bounded operators in a Banach space) that there
is an extension of an analytic function f(z) to a matrix f(P) provided that fis
analytic in an open neighborhood of the spectrum of P. The function 4/Z is
analytic on the positive real axis z > 0, and P has all eigenvalues in this set, so
J/Pisa special case.

An alternative proof of analyticity is by applying the Implicit Function
Theorem to the map F: Q — Q. The differential of this mapping at a point
Qo is given by the linear operator L: Q = QyQ + QQo, and the eigenvalues of
this operator are the n* pairwise sums of eigenvalues of Q. For Q, positive
definite, these pairwise sums are always positive and hence nonzero.
Therefore L is onto and thus F is nonsingular at Qo, which implies that the
solution of F(Q) = P is analytic on P. []

Lemma 13 Given a positive definite matrix B with distinct eigenvalues,
and its eigendecomposition B = Uy Az U, the entries of Ug can be chosen as
analytic functions of the entries of B.

Proof For B a positive definite matrix with distinct eigenvalues, let

Mp>hp>...>A,p
be its (real) eigenvalues, ordered from largest to smallest. In general, if a
polynomial fhas a zero of multiplicity one at a point a, then f'(a)=0, since
fix) = (x — a)g(x) with g(a) # 0, and f'(a) = g(a) + (a — a)g'(a) = g(a).
This implies that the functions A, p are analytic on B, as verified by applying
the implicit mapping theorem to the implicit equation 75(z) = 0 and using
that (A ) = 0 and 75(A, 5) # 0.

Let Z, be the subset of S: consisting of matrices B for which, for some
i=1, ..., n, the determinant of the submatrix B; formed by the last n — 1
columns of B — A; gl has rank n — 2. Since B has rank #n — 1, the rank of B;
canonlybe n — 1 or n — 2. Thus asking that B; have rank n — 2 is equivalent
to asking that all the (n — 1) X (n — 1) minors of B; should be zero. The
complement of Z, consists of matrices for which all B; have full column rank
n — 1. Notice that, since minors are polynomials on the entries of B and the
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A, are analytic functions on the entries of B, the set Z, is an analytic variety.
We willlet P denote the complement of the analytic variety Z, U Z,, for Z; as
defined in Lemma 11. This is a generic subset of Sj, in the sense that it is the
complement of an analytic variety, and therefore has measure zero and is
also open dense. Any matrix B € P admits an orthogonal decomposition
B = UzAgUL, where

Ap := diag (A,,B,A,,B,...,1,,B).

IEA7E]

The columns of the matrix Up are an ordered set u; g, Uy, ..., U,p of
orthogonal eigenvectors corresponding to the respective A; 5. These vectors
u; pare only unique up to multiplication by + 1 (because they are multiples of
each other and have unit norm). Notwithstanding this non-uniquness, we
show next that one can pick the eigenvectors u; g, tr p, ..., U, g as analytic
functions of B.

To do so, we will first pick eigenvectors that are orthogonal to each
other but not yet of unit norm, in fact with first coordinate equal to 1.

Fix any i and consider the equation (B — A;gl)u = 0. A vector u of the
form (1, rT) solves (B — A; p)u =0ifand onlyif c+ B;r =0, and B;has rank
n — 1 because B € P. This means that r = —Bt ¢, where B is the Moore-
penrose pseudoinverse of B;, B! = (B B;)” BT which is an analytic func-
tion of the entries of B; and hence of B. Finally, we can obtain unit vectors by
normalizing u, which preserves analyticity. []

We now show that various assumptions used in the proofs of previous
theorems are generic.

Genericity: N has distinct eigenvalues
In Theorem 6, we assume that a matrix N := Pl_l/ 2
eigenvalues, for P; € S+

Lemma 14 The set U of matrix-tuples (P, P,) € S} xS} for which
N= P_l/ ZPZP_I/ has distinct eigenvalues is open, dense, and has com-
plement of measure zero.

Proof The set of matrices N € S, with distinct eigenvalues constitutes
an open subset of S, that is the complement of a closed algebraic set Z, from
Lemma 11. Furthermore, the entnes n;; of N are polynomials of the entries of
P '/2 and P,, and the entries of P '/? are analytic functions of the entries of
P; by Lemma 12. Thus, since polynomial functions of analytic functions are
analytic, the set U of matrix-tuples (P, P,) € S} xS} that produce a
matrix N with distinct eigenvalues is generic because it is the complement of
an analytic set (which has measure zero). []

P,P; /2 has distinct

Genericity: there is a unique solution to v; = O;w;

In Theorem 8, we assume that a vector w := ULP] ' 2(p1 — p,) has no
zero entries, for Uy an eigenvector basis of a positive definite matrix N =
P;Y/2p,p=1/2 with distinct eigenvalues, P, € S}, and p; € R™.

Lemma 15 The set V of matrix-vector-tuples (P,,P,,p,,p,) €
SHx ST xR" x R" for which the entries w;of W are nonzero is open, dense,
and has complement of measure zero.

Proof The entries w; are polynomlals m terms of the respective entries
of Uy, P; 12 ,P1> and p,. The entries of P;'/? are analytic functlons of P, b Y
Lemma 12 The entries of Uy are analytlc functions of N = P 1/
by Lemma 13, and therefore also analytic functions of the entries of Pl and
P,.Hence, the entries w; are analytic functions of (P;, Py, p1, p2). The vector w
has a zero entry on the union of the # analytic sets defined by w; = 0. Thus,
take V to be the complement of these analytic sets. []

Genericity: Gy has one connected component

In Theorem 10, we assume that a matrix X := U}, P_1/2P3P_1/2 Uy has the
property that its associated node-edge graph Gy has a single connected
component. We will show that the special case in which Gy is fully con-
nected (i.e., X has no zero entries) is already generic.

Proof The entries x;; of X are polynornlals in terms of the respective
entriesof Uy, P; T'/%, and P;. The entries of P, 2 are analytic functions of P;
by Lemma 12 The entries of Uy are analytic functions of N =

1/ ’p by Lemma 13, and therefore also analytic functions of the
entrles of Py and P,. Hence, the entries x;; are analytic functions of (P,
Py, Py).

For a given simple node-edge graph G on n nodes with adjacency

matrix Ag, define the analytic set:

Vg :={(P,P,,P5) € Sy XS, xS |x; =0Vi,js.t Ag; =0}

There are a finite number K of graphs G, with n nodes and more than
one connected component. Thus,

— K
Zg:=Ufvg

is the closed analytic set of all (P;, P, P;) that result in a graph with more
than one connected component. The complement (S} xS, x S|) \ Z; of
(P1, Py, P5)’s resulting in one connected component is therefore open with
complement of measure zero. []

Determining A given V=e" or + V

In the previous sections, we have shown how to determine V or +V uniquely.
Given a unique V = ¢", we can then solve for A up to a discrete equivalence
class: if some of V’s eigenvalues are complex, the matrix logarithm log(V)
would be multi-valued*'. Concretely, we diagonalize V= WDy W~ (which is
diagonalizable by the assumption that A is diagonalizable), and take the
logarithms of its eigenvalues to solve for A, then:

A= %W log(Dy)W™! (21)

where each eigenvalue z; = r,¢” along the diagonal Dy has multiple loga-
rithms log(rj)—{— i(0 4 27k) for k € 7. Thus, we may solve up to an

equivalence class of linear dynamical systems { A_k> }, for % € 7" denoting

the possible imaginary shifts in the period of the eigenvalues. All members of
{A_k> } share common eigenvectors and real-parts of eigenvalues, which can

often be represented by the uniquely-defined principallogarithm Log(V) in

A, = 1 Log (V) with imaginary components restricted to [— 7, 71].

If we assume for a given ¢ > 0, it is known that A belongs to the set A,,,
of matrices with eigenvalues A; = a; + ib; for which |b)| < 7/t (ie, the
oscillatory components of solutions x(f) to x = Ax have periods larger than
the time interval £), then we can uniquely identify Aas A =1Log(V).

Lemma 17 Suppose A € A, ,. Given V = ¢4 A =1 Log V).

Proof The j'th eigenvalue of log(V) can be any of J; = ta + i(th; + 2mk)
fork € Z,for a;, b;the corresponding real and imaginary components of A’s
eigenvalue /\j. Suppose that |bj| < n/t, ie.,

—m<th;<m, Vj.

Then the principal logarithm Log(V) corresponds to the choice of k=0, V j,
and Log(V) =tA. [

Remark 4 The requirement on the time interval coincides with that of
the Shannon-Nyquist Theorem™, but our result differs since there is no single
signal x(t) being measured, and even hypothetical solutions x(t) fulfilling
x = Ax contain infinitely high frequencies from the real exponential com-
ponents of x(t).

In the case that we only identify + V, if we define the set 3,, , of real n x n
matrices such that |b;| < 7/(2), V j, then only one of Log(+ V) will belong
to BB, ;.

Lemma 16 The set W of matrix-tuples (P, P,,P;) € S} xS} xS* Lemma 18 Suppose A € B,,. Given V = ¢ and —V,A =1 Log (V)
for which all the entries of X are nonzero is open, dense, and has complement — and } Log (—V)¢B,, .
of measure zero. Proof Since B, , C A, ,, then by Lemma 17, A = 1 Log (V).
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Given that V can be diagonalized as V= WDy W " with eigenvalues z; =
X;+ iy; then — V= W(— Dy) W~ with corresponding eigenvalues — (x; +
iy;) that have an additional imaginary phase of 7. Thus, for A; = ta; + itb; the
eigenvalues of Log(V), the eigenvalues of 4 Log (—V) are:

I, =a;+i(b;£m/t).
Supposing that A € B, , i.e., |bj| < 71/(2£), then either:

—m/@t)+n/t<b+n/t<m/Q2t) +nr/t or —m/(2t) = m/t<b;—m/t<m/(2t) - n[t
= m/(2t)<bj+m/t<3m/(2t) or —3m/(2)<b; — m/t<m/(2t).

which both imply that [b; +
L Log (~V)¢B,,. O]

Remark 5 If even one of V’s eigenvalues is real, and positive, and distinct
from V’s other eigenvalues, then log(— V') cannot be a real matrix because —V
would have a real, negative eigenvalue distinct from the other eigenvalues of
—V?'. In such cases, one can identify V and then apply Lemma 17. Thus,
Lemma 18 is only used when all eigenvalues of V are complex.

Finally, we note that one might also consider solving for A, given V, by
making use of data for which the time intervals vary. This possibility is
motivated by:

Lemma 19 For a diagonalizable and invertible A, suppose e = ¢*, for
somet>0and A # B. Givens >0, ¢ = €™ for generics € R, i.e., when s/t is
irrational.

Proof If ¢” = ¢", then each eigenvalue A3 of B differs from some
eigenvalue 1,4 of A by:

nltl > m/(2t), and that therefore

_ 2mk,
Tt

Ag— Ay , for k, € Z.

In order for e = ¢”, their eigenvalues must be the same. The eigenvalues of
e and e will be e+ and e+, and can only be equal if:

27k
Ap— Ay = ”52, for k, € 7.
Thus, e = ¢® only if:
2 2
2k, _ 2k & f=&, for k,, k, € Z.
s t t k

Since ¢ = ¢ requires s/t to be rational, and the rationals have measure zero
in R, generically ¢* = ¢®. []

For example, suppose that after collecting data in an experiment with
three time points at intervals £, one has determined that the true A {A_k> 1

for which ¢* = ¢® for any B € {A_k>}. If this experiment is repeated,

changing only the interval to s so that s/t is irrational, one may determine
V,=¢*. By the above lemma, only the true A € {A—k> } will have the property

that e = V,, since e # " = V, for all other B € {A_k>}. It is possible that

fewer time points (at different intervals) are needed to uniquely determine
A, but we do not investigate this further here.

Remark 6 In practice, data will always contain noise from finite sam-
pling or measurement noise, and so it is likely difficult to distinguish between
the statistical differences of data taken at intervals s, t for s/t irrational versus
rational, since the rationals are dense. Still, uneven intervals clearly help
eliminate possible choices for A: whereas with a single interval t, we must
assume, for example, that |bj| < n/t, if s/t = p/q for p,q € Z, then for a: =
lem(p, q) the least common multiple of p and q, we can loosen the requirement
to |bj| < anit.

Proof of main theorems

To prove Theorem 1, we choose the generic set S to be (U X R*xR"NY
from Lemmas 14 and 15. By Theorem 8, we determine V = ¢ and x,,
uniquely. By Lemma 17, we then recover A uniquely from V.

To prove Theorem 2, we choose the generic set T to be
UXS)NW from Lemmas 14 and 16. Then, by Theorem 10, we
may determine V = ¢** and — V. By Lemma 18, we may then recover
A uniquely from + V.

Approximate solutions for e*

Throughout, we have assumed the existence of a solution V to the simul-
taneous equations Q; = VP;V' for i=1,2, ..., k, but in general there does not
exist a solution for k > 1 and arbitrary (P, Q;). This is already strongly
suggested by the fact that V represents n” indeterminates v, and that for
each i the equation Q; = VP,V" represents (n* + n)/2 quadratic equations.
For k = 2, there are already n* + n equations, suggesting an overdetermined
system of equations. This is implied, for example, in Corollary 5, in which
the two otherwise arbitrary positive-definite matrices M, N must be similar if
asolution Vis to exist: if Py, P,, Q;, Q, were simply four arbitrary matrices in
SF,M and N could be any elements of S and would therefore not
necessarily be similar to each other.

In the absence of exact solutions V to the simultaneous quadratic
matrix equations Q;= VP, V", one may still desire approximate solu-
tions V that minimize total error miny Y.,d(Q;, VP,VT) for some
metric d(X, Y), e.g., in applications to regression. We are not aware of
an analytical solution to this particular minimization problem,
although various other quadratic optimization problems have been
studied before’**. However, it is possible to reframe the respective
solutions of V from the first, second, and third pairs of covariances
(P, Q;) as well-known quadratic optimization problems, and
sequentially solving these three optimization problems may at least

provide informed initial guesses for downstream numerical
optimization.
For the first pair mind(Q,, VP, VT), there are infinitely many

v
exact solutions V = Qi/ZRPfl/Z for R € O,,. For the second pair, one

seeks solutions mRin d(M, RNRT) for symmetric M, N, which is known

as a two-sided orthogonal Procrustes problem™ when d is the metric
induced by the Frobenius norm. The optimal solutions R happen to
still be R = U, ®UY, for ® any signature matrix. Finally, for the third
pair, one seeks optimal solutions ming d(Y,®X®), which can be
determined by quadratic unconstrained binary optimization
(QUBO)™ for appropriate choices of d such as that induced by the L,
vector-norm.

Specifically, to reframe |Y — ®XO|; = 32|V — X;0,0,| as a QUBO
problem, we first rearrange the error terms into Ising Hamiltonian terms:

1Y, — X1 — 1V, + X, 1Y, — Xl + 1Y + X,
5 0,0, +

Y, — X;0,0, = > :

which can be collected into the symmetric pairwise interaction matrix J that
defines the variable term of the Hamiltonian:

Jo—] = |Y,-j —X,'j| — |Yij +X,~j| n |in _in| - |in +in|.

J Y 2 2

Since Ising-like Hamiltonians are equivalent to general QUBO
problems by a change-of-basis, we may then use existing mixed-
integer programming packages to solve for optimal ©’s that
minimize ®JO. Thus, from three pairs {P;, Q;}, one may compute a
solution V' that is “stepwise optimal”:

V' = Qi*u,erulp .
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Fig. 1 | Numerical solutions of A for even and uneven time intervals. a Density
scatter plot of 10ss Leyies at convergence for gradient descent from random initi-
alizations, and the resulting average entry-wise error magnitude between ground-
truth A and converged solutions A". Inset shows cumulative distribution function of
loss values. Red line indicates loss cutoff for solutions assumed to have converged

numerically to a global optimum. b Entry-wise error of solutions A" to ground-truth
for different dimensions, and time-series with either even (blue) or uneven (orange)
time intervals. ¢ Dependence of A" error on the smallest simulated time interval in a
time-series.

Remark 7 One may also stop at two pairs of covariances, and determine
the diagonal entries of the signature matrix ® by comparing the signs of v
and W and subsequently finding a solution for x.; as described in Theorem 8.

Numerical solutions of e in the presence of noise and non-
linearity

Whereas the previous section shows the possibility of solving for -
dimensional linear dynamics using distributions from only three time
points, here we numerically demonstrate the empirical performance for
determining A given various practical issues of real-world single-cell omics
data. Specifically, we consider sampling noise, measurement noise, hidden
variables, and non-linearities in the dynamics. Notably, when dealing with
nonlinear dynamical systems X = F(x), our aim will be to approximately
recover the Jacobian at some or all of the steady state points {x}} s.t. x = 0,
by the local approximation F(x) = A(x — x}) + O((x - x;")z). Practically,
unstable steady state points will be harder, but not impossible, to observe
than stable ones when one only has finitely many data points.

We first define a loss function for the purposes of numerical optimi-
zation. For a sequence of covariance matrices {C;},_, , and means
{m;},_o, measured at different times t;, assumed to originate from a
common starting distribution with mean y, and covariance X, at t,, we
define the loss-function Leeyies(A, Zo, Ho» Xs5):

k
Loyies (A, iy, g, %) = Z d (et*AZOet‘AT, C,-) +ad’ (et‘A(yo — X) + Xy, m;)
i=0
(22)
for some metric d(P, Q) for P,Q € S:’, a metric 8(x, y) for x,y € R”,
and an unknown steady state x,;. We also include a tuning parameter
a to weigh the covariance-loss and mean-loss differently. In the case
that data originates from different starting distributions with means
j and covariances {%,} , one may sum the loss-

functions of each time series:

r=1,....j

J
L(A7 {m0r}7 {ZOr}vxss) = ZLseries (AMMOr? ZOH"CSS)'

r=1

(23)

Depending on availability of data and measurement error, it may also be
preferable to instead fix £, = Cy and po = m, and optimize L by only varying
A and x,,.

As for the specific choice of &(P, Q), the Frobenius norm-induced
metric:

&(P,Q = tr (P— QP -Q")

is one possible choice. We instead considered a “Log’-metric tailored to
covariance matrices”:

#(P,Q) = tr (1og2(P-1/2Qp-1/2)). (24)

In the following numerical simulations, we chose to only vary A and x to
optimize Lgeries, fixing Zo = Co, pho = tg; this choice facilitates downstream
analysis of our numerical results in relation to our theoretical results, but
allows any errors in Cy and m, to propagate to future time points during
optimization. Thus, letting %, and py be free parameters in practical
applications may yield slightly better results. Also, we made use of the Log-
metric for & and the Euclidean L* metric for 8%, with a weight factor a = 0.1.

Numerically fitting data with unequal time intervals

Before considering noise, we first examined whether exact solutions for A
could be easily determined by minimizing L. from the exact covariances
%; and means y; generated by random A’s, for three time points with
intervals bounded above by 71/|b;|. For numerical simulations in dimensions
n=>5, 7, 10, we found that the majority (~80%) of randomly initialized
gradient-descent optimizations of Lgeies did not converge to a solution A
corresponding to the ground-truth A (Fig. 1a), based on both the value of the
1088 Lgeries and the actual average entry-wise error [(A* — A),-jl to ground-
truth A. We assumed that Les <10~ corresponded to convergence to the
global minimum. From these results, we conclude that there are, as one
might expect, many local minima in Ly, Which can be circumnavigated by
using the formulae for ¢ in Theorems 8 and 10.

Then, we also explored whether three time points was sufficient to solve
for A when the time points ¢; did not occur at equal intervals, i.e., g — t; # ;
— b, and are bounded above by 7/|bj|. For n =5, 7, 10, we again generated
random matrices A as ground-truth, setting x,, = 0, and tried to solve for A
by optimizing Lgees using a simulated time-series. Keeping only optimi-
zation solutions for which L. <0.1, we compared average entry-wise error
of the solutions A" for both even and uneven intervals (Fig. 1b). Uneven time
intervals were chosen uniformly at random between [0, /b, ] for ||
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Fig. 2 | Estimation error of initialization strategies
in the presence of sampling noise. Average entry-
wise error of locally optimal solutions A", depending
on whether initialization was chosen at random (R)

N
T

or by theory (T). Results are sorted by number of
time points. Simulations span dimensions n =5, 7,
10, 15, 20 and sample sizes N = 300, 1000, 3000.

Log,, average entry-wise error in A*
o
)

Number of timepoints

®3 ®4 5

Initialization

T.  Theory
R: Random

the magnitude of the largest imaginary component of a given A’s eigenva-
lues. We then simulated a corresponding even-interval time series by using
three time points spaced evenly between 0 and ¢, for the same A’s, piy’s, and
2o’s. Since we have analytically shown that three time points are necessary
and sufficient to guarantee uniqueness for equal intervals, the range of entry-
wise errors from optimizing Leees for even intervals (blue) are representa-
tive of expected numerical error from optimization as opposed to the lack of
a unique solution.

We found that entry-wise errors of A~ were comparable between
optimizing with even intervals and uneven intervals. In the few instances for
which uneven time intervals led to relatively large errors, at least one interval
t;11 — tywas often two or three orders of magnitude less than in the even case
(Fig. 1¢); this corresponds to the limit (¢, ; — ;) — 0 that can occur in the
uneven case, in which three time points of data effectively approaches two
time points worth, and there is no unique solution. Thus, these simulations
suggest that three unevenly spaced time points may also be generically
sufficient to solve for the linear dynamics A.

Recovering dynamics from data with sampling and
measurement noise

Next, we evaluated how well one can recover a ground-truth A using
noisy estimates {C;} and {m;} of covariance matrices and means
under various practical conditions. First, to investigate the effects of
sampling noise, we specified ground-truth matrices A and initial
distributions (g, Z,) as was done above, for dimensions n =5, 7, 10,
15, 20, computed the ground-truth trajectory of distributions for 3, 4,
or 5 time points evenly spaced between [0, 0.97/|b,..|], and then
generated N =300, 1000, 3000 samples from each ground-truth dis-
tribution at each timepoint to compute estimated covariances and
means {C;}, {m;}. Then, we numerically optimized for minimal-loss
solutions A’, and evaluated the average entry-wise error |(A* — A)yl-

During numerical optimization, we asked if the theory-motivated
solution would still be informative in a noisy setting, by using the approx-
imate solutions described in a previous section to initialize optimization. We
compared the error of converged solutions to those resulting from initi-
alizing randomly over a range of entries between [—1.5, 1.5] to emulate the
practical uncertainty in the range of parameters (i.e., entries) of A. The
resulting average entry-wise error of any converged solution A” to ground
truth A are compared in Fig. 2 for these two initialization strategies,
regardless of whether the 10ss Lgeyies Was low or high. We found that random
initialization was seldom able to converge to the better optima often found
by theory-based initialization, indicating that the approximate solutions
described in a previous section can even be useful for efficiently finding
“good fits” when given noisy data.

We then examined how much estimation error results from sampling
noise, assuming that a globally optimal solution is found. To do so, for any
given ground-truth A, we optimized multiple times using a mix of theory-
based and random initialization strategies to improve the chances of finding

a global optimum, keeping the lowest-loss solution as the final solution A™.
Examining only the subset of simulations in which the optimized 10ss Lgeries
<0.3n, we found that the entries of A could often be estimated with an
average error often between 107> and 10™" (Fig. 3), which was small com-
pared to the original entries’ range of 1. Errors generally increased with
increasing dimension #, and decreased with sample size N and number of
time points T, as one would expect, and for example, in the worst case of
n =20, T=3, and N =300, we saw that noise made it difficult to recover a
good estimate A" of A.

We also explored the effects of measurement noise on estimation error
by defining a new loss function that adds a measurement error covariance
matrix E to Leeges:

k o
Lugice (A g, 29, %, E) = E a4 (e"‘AEOe[fAI +E, Ci> + ad? (el At ™) ).
i=0

Depending on the situation, E could also be simplified, e.g., to a diagonal
matrix, or even to a matrix I for a single noise-parameter 6. We computed
covariances and means as before, but adding Gaussian noise with covariance
matrix o°] to each datapoint. Specifically, we chose o values that resulted in
the total variance at time 0 (i.e., tr(Z, + 0°I)) being composed of ~10%, 26%,
55%, or 78% noise. In Fig. 4a, we show the estimation errors for T'=3 and
N=3000 when L, <0.51, minimizing L, While keeping o as a fixed
parameter corresponding to the simulated scenario. Even when measure-
ment noise is modeled perfectly as in our simulations, we found that
estimation error increases with increasing noise. In the case of T=3,
N=3000, only n =5 dynamics could be estimated with average entry-wise
error on the order of ~0.1, and typically only when measurement noise was
not the majority of the total variance. For T=4 time points, higher-
dimensional dynamics could again be partially recovered (Fig. 4b), although
again only when measurement noise was low.

Overall, our simulations suggest that even with the practical challenges
of sampling and measurement noise that one might encounter in single-cell
omics data, one can still use three or more time points of estimated cov-
ariances and means to recover an underlying dynamical system A of
dimension n >5 with reasonable estimation error.

Remark 8 Although sufficiently small time intervals ., are necessary
to theoretically guarantee that A can be recovered uniquely, it may sometimes
be more favorable in the presence of noise to choose time intervals in which the
data distributions have the largest change between time-points, i.e., the most
“signal-to-noise”. Even if this means choosing a larger interval t ., it is still
possible to recover A’s eigenvectors and eigenvalue’s real-parts.

Estimating stable and unstable subspaces of nonlinear dynami-
cal systems

While the results thus far have been restricted to linear dynamical systems,
we wondered if finding the best-fitting linear dynamical system for a non-
linear system x = F(x) could still provide useful information about F(X).
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In particular, dynamical systems theory often analyzes the qualitative
dynamics of a system X = F(x) by first finding all the steady states {x} s.t.
F(x}) = 0, and then analyzing their respective associated linear dynamical
systems via the Jacobians J; = D, F(x)|,_,- to determine local stable or
unstable subspaces, as a way to piece together key features of the phase
portrait. We sought to infer similar properties of a dynamical system
without knowing the equations for nonlinear F(x) beforehand, but instead
using time-varying data distributions generated by F(x) and fitting linear
dynamics x = A;(x — x) using the covariance matrices %; and means y,.
We evaluated how well the stable and unstable subspaces of J;
can be recovered from data around an isolated steady state x} of
randomly generated F(x) by simulating trajectories as follows. First,
we generated a trajectory of distributions for a linear dynamical
system X = Ax as above. To simulate a nonlinear dynamical system,
we then randomly generated an autodiffeomorphism H : R" — R”"

by composing three randomly generated autodiffeomorphisms H =
goRJ1: both g and h were defined coordinate-wise using random
univariate monotonic splines (note the Jacobians of g and h are thus
diagonal), and R was a rotation chosen randomly from O, uniformly
on the Haar measure; we also ensured that g(0) = h(0) = R(0)=0.
Finally, we applied H to each x, drawn from the distributions cor-
responding to trajectories of x = Ax, thereby giving samples y, of a
nonlinear dynamical system y = F(y) = D, H|,_y-1yAH “I(y) with a
unique steady state at 0. Examples of three different auto-
diffeomorphisms H(x) for n =2 are shown in Fig. 5a, alongside the
image of a trajectory (red). We think of these nonlinear systems
y = F(y) as representatives for nonlinear dynamics near a steady
state xg.

For various choices of , we then used the estimated covariances C,and
means m, from the trajectories of y = F(y) to optimize Lgeries.
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Fig. 5 | Estimating qualitative features of the Jacobian of nonlinear dynamical

systems near steady state. a Three examples of diffcomorphisms H,(x) : R — R?
used to generate nonlinear systems from linear ones. The image of blue gridlines and
a red oscillating trajectory are shown. b Principal angles and p-values between the
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stable or unstable subspaces of A" and J, for various dimensions. Number of fits for
which the principal angle was meaningful (i.e., neither A" nor J had a stable/unstable
subspace of full dimension n) are denoted in brackets.

We specifically chose N = 3 x 10*and T = 6 so that we could eliminate errors
due to noise, as our interest was in whether the best fit A” could even be
related to D,F(y)|,o.

Given a linear fit A", we then compared the deviation of the stable and
unstable subspaces Sgab Sunst (i€, the respective eigen-subspaces corre-
sponding to eigenvalues with negative or positive real-part) of A" and J =
D,F(y)|,o by determining the principal angle” between them. The results
are shown in Fig. 5b for cases where the principal angle is well-defined, i.e.,
both A" andD,F(y)|,—o had nontrivial subspaces. Corresponding p-values for
these principal angles are also shown. Based on these results, the stable and
unstable subspaces of A" and J are significantly similar in at least 60—80% of
cases. Furthermore, we did not exclude simulations based on the 10ss Lyrics,
since it was unclear whether a large loss corresponded to poor initialization
or to the systematic error of fitting a linear system to a nonlinear system, and
so the insignificant ~ 30% of F(y) contains at least some cases of poor
initialization. Thus, fitting linear dynamics to single-cell omics data gen-
erated by a nonlinear dynamical system F(y) is likely informative about
stable and unstable subspaces of F(y).

Interpretations of A in the presence of hidden variables
Practically, if a complex system is governed by x = F(x) for x € R”,
experiments often only observe a subset of the entries of x, i.e., data is often
only available for y € R™ for m < n and y = Px for P a linear projection
matrix onto the subset of m coordinates. This is likely the case even for a
single-cell RNA sequencing experiment, which despite measuring expres-
sion from n ~ 10° different genes in a cell, does not measure the proteins that
govern the coupled expression dynamics between genes. In such a case, the
dynamics of the observed variables y(#) generally cannot be described by an
autonomous dynamical system y = G(y), and the methods presented
herein for estimating linear dynamics A do not immediately give inter-
pretable results. However, with additional assumptions, we may still infer
properties of A.

Assuming that a linear system X = Ax has a slow-fast time-scale
separation, i.e., the real parts of the eigenvalues A = a + ib; have a gap s.t. a
< <ag <K dgy < - < a,, and furthermore that a, y, -+ a,, < 0, then for
times £>>a_}|, trajectories x(f) are arbitrarily close to the s-dimensional
subspace L, spanned by the eigenvectors {V;},_ 1.2,..s- Consequently, any

dynamics x(t) € R" may be approximated by the “slow” dynamics of x(t) €
L, given by the “slow” eigenvalues {A;},_,  and their corresponding
eigenvectors. '

If the projection P restricts to a diffeomorphism between
L, < P(L,) € R™, the dynamics of y(t) := Px(t) € P(L,) are smoothly
equivalent to those of x(f) € L, and so y(t) € P(L,) may be described by a

S

To ensure that P|;_is a diffeomorphism, we need for L; N ker (P) = 0 so
that the map is injective; this is generically true if dim(P(L,)) = s < m since
ker (P) is a (n — m)-dimensional subspace, and L, can be any arbitrary s-
dimensional subspace, and an (n — m)-dimensional subspace intersects a
generic m-dimensional subspace only at 0. Then, surjectivity follows by the
definition of a linear projection, and differentiability follows from linearity.
Under these conditions, we may recover B using the observable data
y € R™, which recapitulates the slow eigenvalues A, of the full dynamical
system A.

Furthermore, we can recover partial information about the eigenvec-
tors ¥ ;... For the slow dynamics on L, which we denote by A| 1 letits
eigendecomposition be denoted by A|; = WEW ™" for W the matrix of A’s
eigenvectors ¥ ;, and E the diagonal matrix with the same eigenvalues A;-, as
A, but setting A;.; = 0. Due to smooth equivalence via the linear diffeo-
morphism P, , the observable dynamics y = By relate to X = A x as:

B="P| Al PI;! = Pl, WEW™'P| !,

which implies that the s columns of P|; W corresponding to the eigenvalues
Ai<s form the eigenbasis of B. In manyf practical cases, P is simply a coor-
dinate projection, and so PV, simply gives the observable coordinates of 7, .
Thus, from the relative weights of different observed variables y; in the
eigenvectors of B, we may recover the observed variables’ relative weights in
the slow eigenvectors ¥, of the full dynamical system A.

A cartoon of these properties is shown in Fig. 6 for m =2 and n=3.1In
single-cell high-dimensional data, it is often assumed or justified from
empirical analysis that the measured variables y lie on a s-dimensional
manifold for s < m < n, often with s <10. In such cases, the relevant
dynamics are effectively of dimension s as opposed to m, and fitting linear
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Fig. 6 | Linear dynamical properties preserved under projection. Toy example of a
linear dynamical system x = Ax restricted to a plane in R® representing a slow
manifold, alongside the projection of trajectories (blue) from R? onto the coordinate
subspace R? representing the subspace of experimentally observed variables. The
observed dynamics in R? are given by 7 = By, and has eigenvectors (red) and
eigenvalues related to x = Ax.

dynamics to the data can be feasible even with current levels of experimental
sampling or measurement noise.

Discussion

We have demonstrated the feasibility of inferring linear dynamics x =
A(x — x,,) from single-cell omics time-series data, which can be used to
infer the biomolecular dynamics near steady state x,, that may represent cell
states or differentiation fates. We showed that two pairs of data distributions
{fo(x), fix0)} and {go(x), g(x)} are generically needed to uniquely determine
¢ from the first- and second-order moments y;, ¥, (in practice, estimated
means and estimated covariance matrices), and that A could be uniquely
identified so long as the time interval t between measurements is sufficiently
short compared to the oscillatory components of solutions x(t) to A. In other
words, it theoretically requires only three sequential time points to deter-
mine the # x n matrix A, regardless of how large 7 is, i.e., how large of a
biochemical interaction network one wishes to investigate.

We then demonstrated by simulation that A can be estimated accu-
rately in the presence of sampling and measurement noise that is encoun-
tered in single-cell omics data, using only 3-5 time points, although noise
and sample size become limiting factors past dimensions of # ~20. While
increasing the number of time points, the sample size, and the signal-to-
noise can help push the limit, an alternative strategy may simply be to
perform dimensionality reduction as a “denoising” process, as is often done
in single-cell data analysis. For example, single-cell omics time-series data
may only portray significant changes over time in a k-dimensional subspace
(e.g., the first k Principal Components), and so k-dimensional dynamics
could be evaluated before translating back to the original n-dimensional
coordinates. Also, the timing of sampling time points is crucial in the pre-
sence of noise, as one would ideally choose time points that capture the
transient dynamics, before they are obscured by noise, along all # dimen-
sions. This may not always be possible in biological systems for which
multiple timescales exist simultaneously, and so a few time points would
need to be sampled at each timescale one wishes to experimentally inves-
tigate. In future work, one might analytically explore the nonlinear opti-
mization landscape that arises for noisy data, the statistics and confidence
intervals of estimated dynamical properties, and better ways to choose
multiple initializations in a theory-motivated fashion, so that well-designed
experiments can efficiently fit higher-dimensional A to data and dynamics
can be analyzed rigorously.

We also addressed how information about dynamical eigenvalues and
eigenvectors can still be recovered even in the presence of “hidden

variables”, if one assumes timescale separation with a sufficiently low-
dimensional slow subspace relative to the dimension of the observed data.
Even when the dynamics X = F(x) are nonlinear, we find that fitting a
model ¥ = A(x — x*) in the neighborhood of a steady state x” can still allow
for describing stable and unstable subspaces, akin to the traditional analy-
tical approach of qualifying nonlinear dynamics via analysis of linearized
systems near steady state. Alternatively, one might also consider the linear fit
achieved here for a nonlinear dynamical system to be a coarse-grained
model that “smooths out” non-linearities, and interpret the coarse-grained
model without an explicit connection to the Jacobian of F(x); such an
approach has been fruitful in analyzing protein dynamics and may also be
useful in single-cell omics analysis”. Either way, we hope that our proposed
method can help to perform data-driven phase space analysis, without prior
knowledge of the dynamic equations X = F(x).

In the setting of single-cell data analysis, our approach for inferring
time-dependent behavior contrasts with many existing methods (e.g.,
“pseudo-time” trajectories') in that we explicitly use experimental infor-
mation on time, whereas other methods often use simplifying assumptions
on the form of F(x) in order to infer time-dependent behavior. Our results
highlight how strong their assumptions must be: even a linear autonomous
F(x) requires at least three time points to determine F(x) = A(x — x), by
leveraging the rich information in the covariance matrices X between single
cells; a general nonlinear F(x) would require >3 time points to determine
F(x) in some “unique” sense. More precisely, from an algebraic geometric
perspective, each pair of covariances offer n(n + 1)/2 quadratic equations
that can be used to solve for the #* unknown entries that comprise the matrix
¢ in the linear case, and so it is not entirely surprising that two pairs of
covariances, which offer n* + n quadratic equations in total, could solve up
to a finite set of 2" solutions for €, noting that the usual adage of needing as
many equations as there are unknowns does not apply exactly for systems of
nonlinear equations. A more general nonlinear F(x) would involve addi-
tional unknown parameters, and therefore require additional time points to
constrain those parameters. Similar themes can be found in statistical
physics, in which infinitely many non-gradient dynamical systems can
generate the same steady-state distribution™, and so the assumptions of both
gradient dynamics as well as steady-state is what allows for certain single-cell
dynamics inference methods to determine dynamics using the data dis-
tribution of a single timepoint™. While our results show the sufficiency of a
few time points for only linear F(x), a careful algebraic accounting of
parameters in other biologically relevant, nonlinear F(x) may also reveal that
O(1) time points are sufficient to uniquely determine dynamics from data.

Our procedure for inferring properties of F(x) from estimated means
and covariances can be integrated into various workflows for inferring
dynamics from data. Our analysis shows that the vast majority of experi-
mental information on A comes from covariance data (i.e., single-cell het-
erogeneity). We did not explicitly consider what information can be further
gleaned from higher-order moments of the data, although we note that for
linear F(x) and Normal distributions f(x), there is no additional informa-
tion beyond that provided by means and covariances. On a related note, it
may also be of benefit to integrate single-cell omics data, which offers the
advantage of high-dimensional measurement, with traditional time series
data of only a few proteins/variables, which offers high time resolution, to
better infer the dynamical system F(x). For example, it may be easier to
determine the threshold on the time intervals t<7/|b,,,, | using a time series
experiment, or to estimate the neighborhoods in which F(x) is well-
approximated by linear dynamics. Furthermore, prior information about
F(X) might also be used in tandem with the analysis provided by our pro-
cedure: databases on gene or protein interactions’ might be used to fix
certain entries of A to 0 if there are no previously recorded correlations
implying network interactions; other data analysis methods for inferring
biochemical reaction network properties from single-cell data (e.g., stoi-
chiometry of reactions™) could also constrain the form of A.

Finally, to incorporate our data-driven local linear analysis into a more
global framework, one next step may be to consider how data analysis may
be carried out on multistable dynamical systems. Since multi-modal
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distributions f(x) are a frequent occurrence in single-cell data, one might
hope to derive relations between the effects of nonlinear dynamics F(x) on
fi(x) and data cluster analysis (which might also be regarded implicitly as
analyzing higher-order moments). For example, mixture modeling of dis-
tributions fy(x) as linear combinations of components f,(x) = > pi(x) may
offer a natural starting point for modeling a dynamical system with multiple
hyperbolic steady states and no other complications such as limit cycles or
strange attractors. Local linear analysis might then be carried out on each
mixture component pi(x). Ultimately, one might imagine developing
methods to use the Liouville/transport equation™ to solve for F(x) using
fi(x), but it is unclear how much data and time points would be needed to do
so in well-defined or practical manner. In general, we hope that the rich
information in single-cell omics data may be fully leveraged to understand
the dynamical systems and biomolecular networks that govern cell states
and fates.

Methods

Numerical optimization by gradient descent

We implemented the loss-functions Lgeyes and L. in MATLAB, and solved
numerically  using  fminunc() with the following  options:
MaxFunctionEvaluations=10°, OptimalityTolerance=10"", MaxIterations=
10°,  FiniteDifferenceStepSize=10~", StepTolerance=10""°, and Finite
DifferenceType=central.

Generating ground-truth dynamical systems A and distributions
In all cases, ground-truth dynamical systems A were randomly generated by
choosing the entries A;; from a uniform distribution on [—0.5,0.5]. For each
such A, a corresponding time series was defined by choosing time points t;
evenly spaced between [0, 0.97/|b,,.|] for b, the largest imaginary
component amongst all the eigenvalues of A. In the case where uneven time
intervals were tested, the #; were chosen uniformly at random in the same
range, and then re-ordered.

Then, ground-truth distributions were defined by just the parameters
wi» ;2 first, we generated random g and X, by taking the estimated mean
and covariance of # 4 2 random n-vectors with entries chosen uniformly at
random from [0, 10]. Then, using A and the ¢/'s, we computed y; and X; using
e, To generate noisy covariances C; and means 1, in the case of sampling
noise we took the estimates for N samples from the normal distributions
given by y; and Z;. In the case of measurement noise, we did the same but
sampling instead from normal distributions given by y;and %; + o’I, for o =
1, 3, 10, 30. Since the diagonal entries of X, as generated here have an
expectation value of ~ 8, the chosen values of o® correspond to measurement
noise percentages 0%/(8 + o) around ~ 10, 26, 55, and 78%.

Initialization strategies

To generate an initialization based on theory, we took three sequential
covariances C; (at random if there were more than three time points), and
determined a guess V = Q}/ZRPI_I/2 for P, = Cyand Q, = C,. For R, we used
the estimate R = U,,@ U, for Uy;and Uy the orthogonal eigenvector bases
of M, N as defined in Theorem 6, taking P, = C; and Q, = C,. For ©, we
defined the signature matrix D = sgn (v,/w;) from Theorem 8 for v, .
We then determined an initialization x,, as in Theorem 8, using the guess for
V. An initialization for A was given by Log(V)/dt, for 6t the first two time
points. If Log(V) was complex, we took only the real-parts of Log(V)/t as
the initialization for A.

To allow for multiple initializations for a given A, additional initi-
alizations were generated by choosing the entries of A and x,, uniformly at
random from the ranges [—0.5, 0.5] or [—1.5, 1.5], or taking the theory-
based initialization of A but the random guess for x,,. Each of these three
initializations was used once per given A.

Generating random homeomorphisms H(x)

To generate a random diffeomorphism H(x) : R"” <> R", we generated
three separate diffeomorphisms g, R, h on R" and composed them as
g R J1. R was an orthogonal matrix selected randomly from the uniform

Haar measure, using the standard technique of applying QR decomposition
to normally distributed variables™. Both g and h were defined coordinate-
wise by a random monotonic spline, e.g., for the 7'th coordinate, g;(x) = s(x;)
for the spline s(x) : R — R.

The splines s(x) were randomly generated by first defining a
spline p(x) at the points p(— 3) = yy, p(0) = y,, and p(3) = y; for y;’s
chosen from the uniform distribution on the interval [—3, 3] and
sorted in ascending order, and p(x) = x for x=—6, —5, —4, 4, 5, 6.
Using these nine points we fit the piecewise cubic hermite inter-
polating polynomial to define p(x), using the pchip() function in
MATLAB. Then, we defined s(x) = p(x) — p(0), so that s(0) = 0, and
thus h(0) = g(0) = 0 and H(0) = 0.

To ensure that the distribution of trajectories was mostly contained in
the nonlinear regions of the s(x)’s domain, we generated the parameters y
and X, as before, but choosing entries for the n-vectors used to generate X
uniformly in [0, 3], and entries for g in [0, 1].

During numerical optimization of L for the nonlinear simulations,
we used 5 initializations with entries randomly chosen from [—0.5, 0.5] per
ground-truth system y = F(y).

Null distribution of subspace principal angles

To compute the p-value for the principal angle between two subspaces (of
respective dimensions k and / contained in R"), we generated 100 pairs of k-
dimensional and /-dimensional subspaces and computed the principal angle
between each pair to create a simulated null distribution. Each subspace was
generated at random by first selecting an orthogonal matrix U € O,, with
uniform probability on the Haar measure, and then selecting the first k or /
columns of U to span a subspace.

Code availability

All original code has been deposited at GitHub (https://github.com/
shuwang543/covar_lin_dyn) and is publicly available as of the date of
publication (https://doi.org/10.5281/zenodo.12604544).
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