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Abstract

There is growing recognition that phenotypic plasticity enables cancer cells to adapt to various envi-
ronmental conditions. An example of this adaptability is the persistence of an initially sensitive popula-
tion of cancer cells in the presence of therapeutic agents. Understanding the implications of this drug-
induced resistance is essential for predicting transient and long-term tumor tumor dynamics subject to
treatment. This paper introduces a mathematical model of this phenomenon of drug-induced resistance
which provides excellent fits to time-resolved in vitro experimental data. From observational data of total
numbers of cells, the model unravels the relative proportions of sensitive and resistance subpopulations,
and quantifies their dynamics as a function of drug dose. The predictions are then validated using data
on drug doses which were not used when fitting parameters. The model is then used, in conjunction with
optimal control techniques, in order to discover dosing strategies that might lead to better outcomes as
quantified by lower total cell volume.

1 Introduction

The ability of cells and tissues to alter their response to chemical and radiological agents is a major impedi-
ment to the success of therapy. Such altered response to treatment occurs in infections by bacteria, viruses,
fungi, and other pathogens, as well as in cancer [1–4]. Despite advances in recent decades, this reduction
in the effectiveness of treatments, broadly termed drug resistance, remains poorly understood, and in some
circumstances is thought to be inevitable [5].

One of the most clinically important examples of drug resistance is that involving the treatment of cancer via
chemotherapy and targeted therapies. Drug resistance is a primary cause of treatment failure, with a variety
of molecular and microenvironmental causes already identified [6]. For example, the upregulation of drug
efflux transporters, enhanced DNA repair mechanisms, modification of drug targets, stem cells, irregular

1Equal contributors
2Department of Mathematics and Statistics, The College of New Jersey, Ewing, NJ, United States
3Department of Mathematics, Clarkson University, Potsdam, NY, United States
4Department of Bioengineering, Northeastern University, Boston, MA, United States
5Center for Translational & Computational Neuroimmunology, Columbia University Medical Center, New York, NY, United

States
6Department of Electrical and Computer Engineering, Northeastern University, Boston, MA, United States
7Laboratory of Systems Pharmacology, Program in Therapeutic Science, Harvard Medical School, Boston, MA, United States
8To whom correspondence should be addressed

1

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted September 7, 2024. ; https://doi.org/10.1101/2024.09.04.611211doi: bioRxiv preprint 

https://doi.org/10.1101/2024.09.04.611211


tumor vasculature, environmental pH, immune cell infiltration and activation, and hypoxia have all been
identified as mechanisms which may inhibit treatment efficacy [4, 6, 6–14]. A vast amount of experimen-
tal and mathematical research continues to shed light on our understanding drug resistance. An excellent
“roadmap” article (which also includes references to a number of relevant mathematical models) summarizes
state-of-the-art approaches to understanding the role of both non-genetic plasticity and genetic mutations in
cancer evolution and treatment response [15], while also highlighting current and future challenges.

Aside from understanding the mechanisms by which resistance to therapies may manifest, a fundamental
question is when resistance arises. With respect to the initiation of therapy, resistance can be classified as
either pre-existing or acquired [6]. The term pre-existing (also known as intrinsic) drug resistance is re-
served for the case when the organism contains a sub-population (or a tumor contains a sub-clone) which
resists treatment prior to the application of the external agent. Examples of the presence of extant resis-
tance inhibiting treatments are abundant in bacteria and cancer, including genes originating from phyla
Bacteroidetes and Firmicutes in the human gut biome [16], BCR-ABL kinase domain mutations in chronic
myeloid leukemia [17, 18], and MEK1 mutations in melanoma [19]. Conversely, acquired resistance de-
scribes the phenomenon in which resistance first arises during the course of therapy from an initially drug-
sensitive population. The question of whether resistance is pre-existing or acquired is a classical one in the
context of bacterial resistance to a phage [20].

The study of acquired resistance is complicated by the question of how resistance emerges. Resistance can
be spontaneously (also called randomly) acquired during treatment as a result of random genetic mutations
or stochastic non-genetic phenotype switching. These cells can then be selected for in a classic Darwinian
fashion [21]. Resistance can also be induced (or caused) by the presence of the drug [21–27]. These cells
are often referred to as “drug tolerant persisters” in the literature [28]. That is, the drug itself may promote,
in a “Lamarckian sense”, the (sometimes reversible) formation of resistant cancer cells so that treatment has
contradictory effects: it eliminates cells while simultaneously upregulating the resistant phenotype, often
from the same initially-sensitive (wild-type) cells.

The fundamentally distinct scenarios in which resistance may arise are illustrated in Fig. 1. Note that in each
of the three cases (pre-existing, spontaneous acquired, and induced acquired), the post-treatment results are
identical: the resistant phenotype dominates. However, the manner by which resistance is generated in each
case is fundamentally different, and the transient dynamics (both drug-independent and drug-dependent)
may vary drastically in each scenario. As a result, the same therapeutic design may result in different
outcomes depending on the (dominant) mode of resistance. This “phenotypic plasticity” allows cancer cells
to adapt to different environmental circumstances [29]. Although there is experimental evidence for these
three forms of drug resistance, differentiating them experimentally is non-trivial. For example, what appears
to be drug-induced acquired resistance may simply be the rapid selection of a very small number of pre-
existing resistant cells, or the selection of cells that spontaneously acquired resistance [21, 30]. It is in this
realm that mathematics can provide invaluable assistance. Formulating and analyzing precise mathematical
models describing the previously mentioned origins of drug resistance can lead to novel conclusions that
may be difficult, or even impossible, given current technology, to determine utilizing experimental methods
alone. The main goal of this work is to validate a previously developed mathematical model of drug-induced
resistance, and to explore the implications for protocol design.

In Section 2 we describe a set of experimental data with strong evidence of resistance induction [31, 32],
which will form the basis of our work. In Section 3 we will present a preliminary mathematical model
based on our original resistance model from [33], and discuss biologically motivated changes, followed by
a discussion of the methodology that we utilize to fit the data and analyze the goodness-of-fit. In Section 4
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Figure 1: Three distinct ways in which drug resistance may be generated. In the first row, resistance is pre-
existing, so that resistant clones are selected during therapy. In spontaneously acquired resistance, random
genetic and epigenetic modifications produce a resistant phenotype during therapy, where again selection
dominates. In the case of induced acquired resistance, the application of the drug causes the resistant
cell to arise, so that the mechanism is not simply random variation (e.g. mutations) followed by classical
Darwinian selection. Instead, there is a “Lamarckian” component (grey arrow). Note that any combination
of these three mechanisms may be causing resistance in a single patient.

we demonstrate that our modified model gives excellent fits across a range of drug doses, show that a more
detailed model does not improve fits, and perform a cross-validation study to confirm the model by testing
it on doses not used in fitting parameters. We also study optimal dosing in this section. Finally, Section 6
has concluding remarks and directions for future work.

2 Motivating Experimental Data

Melanomas harboring mutations in BRAF, which result in excessive growth signaling, are commonly treated
with small-molecule BRAF inhibitors such as vemurafenib, dabrafenib, and encorafenib [34]. These drugs
prevent the over-activation of pathways controlled by BRAF, including several types of MAPK pathways.
As with other therapeutics, resistance to BRAF inhibitors poses a significant barrier to treatment success.
Drug-induced reprogramming by vemurafenib has been well-studied experimentally [35].

In an effort to better understand resistance to vemurafenib, Fallahi-Sichani et al. subjected COLO858
melanoma cells (which harbor a BRAFV600E mutation) in vitro to vemurafenib at various drug concen-
trations before imaging the cells over the course of 84 hours [31]. Single cell imaging during vemurafenib
exposure revealed three possible outcomes: death, quiescence (cells survive but do not divide), and re-
sistance (cells survive and divide). Interestingly, if the COLO858 cells were pre-treated overnight with
a low-dose of vemurafenib before their entrance into the higher-dosed assay conditions, greatly increased
cell viability was observed [31]. This finding indicates that a lower dose of drug may “teach” tumor cells
the mechanism of resistance, which will then allow them to grow under treated conditions that they would
not have otherwise survived. They also found that this vemurafenib resistance is reversible when non-
sensitive cells were plated in fresh drug media. Upon the return of vemurafenib to these sorted cells’ culture
conditions, resistance was re-induced, indicating that this mechanism of resistance is both reversible and
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persistent [31].

In follow-up work, COLO858 cells were studied in vitro under varying vemurafenib concentrations over a
period of 120 hours [32]. An algorithm was used to count the number of cells, division and death events over
this time period. As in Fallahi-Sichani et al. [31], cells were observed to be in either a sensitive, quiescent, or
resistant state. Using this cell count data, the authors calculated the instantaneous death and growth rate of
COLO858 cells while subjected to treatment with various doses of vemurafenib [32]. We use the 0.032uM,
0.1uM, 0.32uM, 1uM, and 3.2uM datasets from [32] in our paper.

3 Model and Computational Methods

In an effort to better understand the role of selection and induction in the evolution to drug resistance, in [33]
we introduced a simple, phenomenological mathematical framework to distinguish between spontaneous
and induced resistance. Specifically, we initially considered a tumor population consisting of sensitive
(S), non-reversible resistant (Rn), and reversible resistant (Rr) cells, whose dynamics are described by the
following set of ordinary differential equations (ODEs):

Ṡ = rS

(
1− V

K

)
S − (ϵn + ϵr)S − (αn + αr)u(t)S − dsu(t)S + ηRr, (1)

Ṙn = rn

(
1− V

K

)
Rn + ϵnS + αnu(t)S − dnu(t)Rn, (2)

Ṙr = rr

(
1− V

K

)
Rr + ϵrS + αru(t)S − dru(t)Rr − ηRr. (3)

Here u(t) represents the effective applied drug dose at time t, and is thought of as a control input, and V is
the total tumor population (V := S + RN + Rr). Dots represent time derivatives. By definition, the drug
is less effective against resistant cells, so we assume that dn, dr ≤ d. We also assume that r ≥ rn, rr, as
experimental evidence supports that resistant cells grow slower than nonresistant cells [36, 37]. All cells
compete for resources via a joint carrying capacity K, and resistance may develop in both a spontaneous
drug-independent (ϵnS, ϵrS) and an induced drug-dependent (αnu(t)S, αru(t)S) manner. All rate param-
eters in the above system are assumed nonnegative.

In equations (1) - (3), non-reversible cells Rn can be thought of as resistant cells that arise via genetic mu-
tations. As “undoing” genetic mutations are unlikely, reversibility is assumed negligible. The reversible
cells Rr, on the other hand, are resistant cells that arise via phenotype switching. As this process is re-
versible [21, 24], we include a re-sensitization term (ηRr) for this subpopulation. The drug induction terms
αnu(t)S and αru(t)S assume the log-kill hypothesis, in which the rate of induced resistance is proportional
to the applied dosage [38].

We have previously studied the effects of resistance induction in a simplified version of this model, where
we assumed that the reversible and non-reversible resistant cells exhibit identical kinetics. Specifically,
we consider the possibility that ϵn = αn = 0 in (3) and thus simplified the resistant dynamics to a single
population, assuming that there were no non-reversible resistant cells in the population initially (Rn(0) = 0).
Thus, with R := Rr and ϵ := ϵr, α := αr, rR := rr, and dR := dr, we proposed the below two-dimensional
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system:

Ṡ = rS

(
1− S +R

K

)
S − ϵS − αu(t)S − dsu(t)S + ηR, (4)

Ṙ = rR

(
1− S +R

K

)
R+ ϵS + αu(t)S − dRu(t)R− ηR. (5)

Using this simplified model, we found a qualitative distinction in tumor response to two standard treatment
schedules (continuous versus pulsed) when the drug has the same cytotoxic potential but different levels of
induction (i.e. identical dS and dR, but different α in equations (4) - (5)). In particular, for a fixed set of
model parameters, when a drug cannot induce resistance (α = 0), constant therapy significantly outperforms
pulsed therapy, with the time to treatment failure being nearly seven times longer using constant therapy.
However, when a drug can induce resistance (α > 0), pulsed therapy improves the duration of therapeutic
efficacy when compared to constant treatment [33]. This illustrates how the mechanism of drug resistance
can strongly influence response to a treatment protocol. A rigorous analysis of the optimal control structure
(both theoretical and numerical) can be also be found in [39].

As discussed below, the originally proposed system (4) (5) cannot qualitatively capture key features of
the experimental data in [32]. Thus, in Section 3.1, we propose a modification to this original model,
which includes time delays with respect to the effective dose. We also discuss the precise methodology
utilized for model fitting and validation in Section 3.2, and we conclude this section with a description of
the numerical optimal control formulation for time-varying doses in Section 3.3. All code is available at
https://github.com/sontaglab/Induced_Resistance.

3.1 Revised Mathematical Model

The initial increase in the number of cells at all doses of vemurafenib considered in [32] (see Figure 2(a),
for example) indicates that there is a delay in drug action. Indeed, the response the control and to all five
administered vemurafenib doses (0.032, 0.1, 0.32, 1, 3.2µM) are indistinguishable in Figure 3(a) in [32] for
approximately the first 24 hours of the experiment. Biologically, this indicates that there is a delay in drug
effect, which may be due to various factors such as drug uptake, engagement of the target, initiation of the
apoptotic pathway, or cell-cycle inhibition. Note that model (4) - (5) does not include any such delay, and
thus any applied difference in dosage will result in an immediate response by the cell population.

For this reason, we propose a modified version of our model that incorporates a delay on both drug-induced
cell kill and drug-induced resistance. Specifically, we differentiate between the applied dosage u and the
effective dosage v; here u represents the drug concentration of vemurafenib in the in vitro experiment, while
v corresponds to the phenotypic effect of the dosage on cell kill and induction rates. We assume that the
dynamics on the rate parameters can be described via classical input (u) tracking [40], with constant rates
γ1 and γ2 determining the delay timescales for the drug-induced cell death and resistance-induction rates,
respectively. The model we consider takes the following form:

Ṡ = rS(u(t))S − vd,S(t)S − vα(t)S (6)

Ṙ = rR(u(t))R+ vα(t)S − vd,R(t)R (7)

v̇d,S = γ1(dS(u(t))− vd,S) (8)

v̇d,R = γ1(dR(u(t))− vd,R) (9)

v̇α = γ2(α(u(t))− vα) (10)
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As in (4) - (5), state S represents the (normalized) number of sensitive cells and R represents the normalized
number of cells that have acquired an “inducible drug resistant” state. The parameters rS and rR represent
growth rates of the drug sensitive and drug resistant populations, respectively, as a function of the applied
dose u(t). As opposed to parameters, we now consider states vd,S and vd,R, which represent each subpop-
ulations’ drug-induced death rate, and vα, the rate at which drug sensitive cells are induced to transition to
the resistant phenotype. Note that division rates rS and rR are assumed to respond to instantaneous changes
in the applied dosage u, while the effective apoptosis and induction rates vd,S , vd,R, and vα approach their
asymptotic values at a rate determined by γ1 and γ2, respectively. This tracking dynamic thus models the
observed delay in the onset of observable effects of the applied chemotherapy; see Section 3.2 for further
discussion of the values utilized for the delay timescales γ1 and γ2. We emphasize that all rate parame-
ters (rS , rR, dS , dR and α) are dependent on the applied dose u(t), and we denote this via expressions of
the form rS(u(t)), rR(u(t)), etc. As to be discussed in Section 3.2, these rates will be estimated from the
normalized cell count data for different constant doses u(t) ≡ uconstant.

Although a carrying capacity was assumed in our original model (4) - (5), here we consider the simpler
scenario of exponential growth. This is because our original model was envisioning an in vivo setting,
whereas herein we are modeling in vitro data under non-limiting growth conditions. In this model, we
also assume that spontaneous (genetic) resistance is negligible on the short time scales considered. This is
equivalent to setting ϵ = 0 in the original model. Given that the data the model is being fit to counts of cell
number only in the presence of drug, we also assume that re-sensitization of resistant cells is negligible, and
thus set η = 0 in equations (4) - (5).

As an example of the dynamic introduced by rate tracking in cell death and induction, consider equation (8)
describing the effective apoptosis rate for the sensitive population:

v̇d,S = γ1(dS(u(t))− vd,S). (11)

Assuming vd,S(0) = v0, the solution of this linear ODE is given by the variation of parameters formula

vd,S(t) = v0e
−γ1t + γ1

∫ t

0
e−γ1(t−σ)dS(u(σ)) dσ. (12)

Similar statements hold for vd,R and vα. Hence, equations (6) - (10) represent a time-varying two-dimensional
system in the S and R populations.

The experimental data from [32] utilized in this work considers constant applied doses u, so that when fitting
model (6) - (10) to experimental data, we assume that u(t) ≡ u, a constant dose. Thus, we suppress the
explicit applied dosage dependence of the rate parameters, and write rS := rS(u), rR(u) := rR(u), dS :=
dS(u), dR := dR(u), and α := α(u), as these are constants (but are dose-dependent). The expressions
in (12) thus simplify as follows. Assuming that the effective dosages for the cell kill and induction rates are
zero initially (i.e. vd,S(0) = vd,R(0) = vα(0) = 0), we see from (12) that the solutions of equations (8) -
(10) take the form

vd,S(t) = dS
(
1− e−γ1t

)
(13)

vd,R(t) = dR
(
1− e−γ1t

)
(14)

vα(t) = α
(
1− e−γ2t

)
. (15)

Using the above, system (6) - (10) becomes

Ṡ = rSS − dS(1− e−γ1t)S − α(1− e−γ2t)S (16)

Ṙ = rRR+ α(1− e−γ2t)S − dR(1− e−γ1t)R. (17)
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The above system is what is used to determine the rate parameters as a function of (constant) dose u. Note
that we will later consider time-varying doses u = u(t) when formulating and analyzing an optimal control
problem (see Sections 3.3 and 4.4); in this case, we will consider the original modified model (6) - (10).

3.2 Fitting Methodology

The in vitro data from [32] includes five different dosing regimes covering a wide range of drug concentra-
tions. Three of those doses were selected to parameterize the model in eqns. (16)-(17): 0.032 µM, 0.32 µM,
and 3.2 µM. The doses of 0.1 µM and 1 µ are withheld for validation purposes. All model parameters are
fit to this data except the delay terms γ1 and γ2. Data in [41] suggests that the onset of drug-adapted condi-
tions for the A375 BRAF V600E melanoma cell line is observed at around 24 hours. In another study [42],
cytotoxic effects reached full effect between 120 and 130 hours. Although these studies were not specifi-
cally related to COLO858 cells, and the exact times are approximations, to decrease the complexity of the
model (and specifically parameter estimation), we decided to fix γ1 = γ2 = 0.01. This corresponds to both
terms achieving roughly 50% of their maximal effect at 72 hours. Given that we assume that all resistance
is drug-induced, and that S and R represent normalized cell counts, the model is always solved using the
initial conditions of S(0) = 1 and R(0) = 0.

The above assumptions result in needing to fit five model parameters per drug dose: the sensitive cell growth
rate rS , the sensitive cell drug-induced death rate dS , the drug-induced resistance rate α, the resistant cell
growth rate rR (assumed to be ≤ rS), and the resistant cell drug-induced death rate dR (assumed to be
≤ dS). We seek to minimize the sum of the absolute difference between the model and the data:

ζ :=
T∑
t=1

∣∣Nmodel(t)−Ndata(t)
∣∣ , (18)

where Nmodel(t) = S(t) + R(t) is the model-predicted normalized cell count at time t, and Ndata(t) is
the normalized experimental mean cell count at time t (see Fig 2(a)).

To parameterize the model for each drug dose, a multi-start algorithm is implemented. Multi-start fitting
methods repeat the optimization process many times from different starting points, seeking to mitigate the
risk of getting stuck at local minima and improve the chances of finding the globally optimal parameter set.
The optimization algorithm utilized for each starting point is MATLAB’s fmincon function, which executes
an interior-point method for solving constrained minimization problems. Beyond the inequality constraints
posed on growth and drug-induced death rate of resistant cells, a restriction was set on the maximum number
of function evaluations (see Table A.1). Further, positive (though very small) lower bounds were imposed
on all parameters to avoid numerical integration issues in solving the model in equations (16)-(17). Up-
per bounds, also detailed in Table A.1, were imposed to ensure that each parameters remained within a
biologically-plausible range.

The constrained optimization problem was solving using fmincon for K = 1000 starting parameter guesses.
Each starting parameter guess is obtained by using a quasi-Monte Carlo method to randomly sample the
parameter space. The lower and upper bound for each parameter was set to the constraints imposed on the
optimization problem itself. We particularly used Sobol’s low-discrepancy sequences, which have unifor-
mity properties other samples techniques lack while being computationally efficient [43]. The multi-start
fitting algorithm thus starts by randomly sampling K Sobol points of the form (p1, . . . , pn), where n is the
number of parameters. As each pi in a sampled point are in the range [0, 1], we then scale each values of
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pi to be in the range defined by its lower and upper bound. For each such parameterization, fmincon is
implemented using that parameter set as the starting guess.

The end result of this multi-start algorithm is a set of K “best-fit” parameterizations of the model. The
parameterization with the lowest cost function value ζopt is selected as the optimal model parameterizaton.
Any other “best-fit” parametrization for which ζ varies from ζopt by 5% or less is considered a “suboptimal”
parameter set. We will use these suboptimal parameter sets to study the sensitivity and identifiability of the
model parameters.

3.3 Optimal control formulation

Although the experimental data and model was calibrated to constant doses, we are interested in utilizing our
mathematical model to investigate dosing strategies which minimize the cancer cell population (S + R) at
the end of the experiment; see Section 4.4 for further motivation. That is, we numerically compute optimal
time-varying applied dosing strategies u(t) which minimize S(tf ) + R(tf ), where tf is a fixed final time.
The precise formulation of this optimal control problem is provided in this section.

By fitting model (16) - (17) to the experimental data, we obtain expressions for the parameters θ(u) :=
(rS(u), dS(u), α(u), rR(u), dR(u)) as a function of three doses (u = 0.032µM, 0.32µM, 3.2µM); as
discussed in Section 4.3, these expressions were further validated on two intermediate doses (u = 0.1µM,
1µM). To obtain an expression for θ as a function of all doses in the continuous range [0.032, 3.2]µM,
we smoothly approximate the piecewise linear approximations used in prediction, and thus obtain functions
θ = θ(u). (see Section A.3 and Figure A.2 for details). The optimal control problem is formulated utilizing
these expressions for θ(u).

Denote by x := (S,R, vd,S , vd,R, vα) ∈ R5 the state of model (6) - (10). The system then takes the general
form ẋ(t) = f(x(t), θ(u(t))), with

f(x, θ(u)) :=


rS(u(t))S − vd,S(t)S − vα(t)S
rR(u(t))R+ vα(t)S − vd,R(t)R

γ1(dS(u(t))− vd,S)
γ1(dR(u(t))− vd,R)
γ2(α(u(t))− vα)

 . (19)

The optimal control problem is then defined on a finite-time horizon via the initial-value problem ẋ =
f(x, θ(u)), x(0) = x0 on [0, tf ], with tf fixed during each optimization. As in all simulations in this work
(see Section 3.2), we fix the initial conditions as an entirely sensitive cell population and zero effective dose;
the latter models drug delay factors as discussed in Section 3.1. Thus, x0 = (1, 0, 0, 0, 0).

We define our objective as the final cancer cell population size at tf ,

J(u) := x1(tf ) + x2(tf ) = S(tf ) +R(tf ), (20)

and we determine the dosing strategy u∗ which minimizes J . Since our rate functions θ(u) are calibrated
only for doses between 0.032µM and 3.2µM (see (30)), we restrict our control set U to the convex, com-
pact interval U := [0.032, 3.2]. The set of admissible controls then takes the form U := {u : [0, tf ] →
R |u is Lebesgue measurable}. Recall that to guarantee the existence of a minimizing function u∗ of J , we
need to define the set of admissible controls as measurable (see, for example, [44]). However, we see below
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that this is not restrictive for the above problem considered in this work, and all optimal controls appear to
be piecewise continuous (see, for example, Figure 7).

To incorporate toxicity constraints, we bound the total applied dosage by a constant M :∫ tf

0
u(t) dt ≤ M. (21)

This constraint can be incorporated as an auxiliary state variable

z(t) :=

∫ t

0
u(s) ds, (22)

so that (21) becomes z(tf ) ≤ M . The extended state of the original system defined by the vector field
in (19) is thus defined as x̃ := (x, z) ∈ R6, and the extended vector field is f̃(x̃, u) := (f(x, θ(u)), u).
Since z(0) = 0, the initial conditions for x̃ become x̃(0) = (1, 0, 0, 0, 0, 0). The control problem then
incorporates an additional constraint on the last component of x̃ at the final time tf : x̃6(tf ) = z(tf ) ≤ M .

In summary, the optimal control problem we analyze is attempting to minimize the final cancer cell popula-
tion at final time tf ,

min
u∈U

J(u), (23)

subject to the following initial-value problem in R6

˙̃x = f̃(x̃, u), x̃(0) = x̃0, (24)

together with the additional final time constraint

x̃3(tf ) ≤ M. (25)

Lastly, we note that by construction, the rate functions θ(u) depend on the logarithm of the dose, i.e. θ(u) =
θ(log10(u)) (see Section 4.3). Numerically, we thus reformulate the control with respect to the logarithm
of the dose, so that we solve this system with respect to ũ(t) := log10 u(t). Effectively, this redefines
the control set as Ũ := [log10(0.032), log10(3.2)], as well as the dynamics on the auxiliary variable z as
ż(t) = 10ũ(t). Thus, the vector field numerically integrated takes the form f̃(x̃, ũ) = (f(x, θ(ũ)), 10ũ).

4 Results and Discussion

4.1 Two-population model was able to adequately capture the dynamics of a wide range of
dosing regimes

Here we employ the previously-described fitting methodology to fit the mean normalized cell count of
COLO858 cells subject to a fixed concentration of vemurafenib [32]. The doses of 0.032 µM, 0.32 µM,
and 3.2 µM were independently fit to the model in equations (16) - (17), and the results of our fitting can
be seen in Figure 2(b)-(d). We observe an excellent agreement between the best-fit model solution and the
three datasets. The optimal parameter values are provided in Table 1.
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Figure 2: Data and fits for the two-population model. (a) Mean across four replicates of the normalized
cell count data from [32] used for model fitting. Best model fits are shown at a drug concentration of (b)
0.032 µM, (c) 0.32 µM, and (d) 3.2 µM. Standard deviations (four replicates) are shown in blue in (b)-(d).
The fitting process results in time course predictions for the respective sizes of the sensitive (S) and resistant
(R) cell subpopulations.

Confidence in model parametrization is quantified in Fig. 3. As detailed in Section 3.2, model fitting is
attempted for M = 1000 sets of initial parameter guesses. If realization i of the fitting algorithm results in
cost function value ζi within 5% of the optimal cost function value ζopt, the corresponding best-fit param-
eters are classified as suboptimal. Figure 3 displays the distribution of the suboptimal parameters for drug
concentrations of 0.032 µM, 0.32 µM, and 3.2 µM. We find that, for each model parameter, the suboptimal
values are tightly distributed about the optimal value across the three doses, which can be interpreted as a
measure of practical identifiability of model parameters; structural identifiability is justified in Section A.4.
Further, each parameter behaves monotonically with respect to dose. We now discuss the behavior of each
model parameter as a function of dose in detail.

The growth rate rS of sensitive cellsis observed to monotonically increase as a function of drug dose, with
no overlap in the suboptimal distributions across the three doses. This counterintuitive observation may
be a consequence of a relatively fast cellular response to stress (chemotherapy), which prompts a release
of growth signals via paracrine signaling; this has been observed in the case of pancreatic ductal adeno-
carcinoma upon radiotherapy [45]. Interestingly, this paracrine mechanism is mediated by the AKT/p38
and JNK pathways, which are typical bypass signaling pathways activated in melanoma following BRAF
inhibitor treatment [31]. Other possible mechanisms might include one or more of the following when a
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Parameter Meaning Drug Concentration
0.032 µM 0.32 µM 3.2 µM

rS Sensitive cell growth rate 0.0532 0.0722 0.0880
dS Drug-induced sensitive cell death rate 0.1855 0.4012 0.6924
α Rate of drug-induced resistance 0.2520 0.1963 0.1048
rR Resistant cell growth rate 0.0532 0.0415 0.0070
dR Drug-induced resistant cell death rate 0.0751 0.0699 0.0137
rR − dR Resistant cell net growth rate -0.0219 -0.0284 -0.0067

Table 1: Definition and best-fit value of parameters for the model in equations (16) - (17) over three drug
concentrations. We also include the net resistant population growth rate rR − dR, which represents the
exponential decay rate of the resistant population in the absence of sensitive cells. Note that this net rate is
most negative at the intermediate dose of 0.32 µM.

targeted inhibitor such as vemurafenib is applied: (1) an increase in growth rate as the cell is freed from its
regulated growth constraints; (2) activation of an alternate compensatory pathway that is more efficient, al-
lowing energy or other resources being redirected toward growth; or (3) inhibition of cell cycle checkpoints
that prevent division.

As expected, the drug-induced death rate of sensitive cells dS also monotonically increases as a function
of drug concentration. Again we find no overlap in the suboptimal distributions across the three doses,
indicating that drug-induced cell kill behaves in a dose-dependent manner.

The rate of drug-induced resistance α is found to monotonically decrease as a function of drug concentration.
As opposed to the sensitive population growth and induced death rates rS and dS , a slight overlap exists in
the distribution of α over the lower two doses. In particular, the maximal suboptimal value of α found at
dose of 0.32 µM is 0.2518, whereas the minimal value found at a dose of 0.032 µM is 0.2461. This overlap
is visually represented in Figure 3 by the absence of the hatch marks between the distributions. We had
originally hypothesized that the relationship observed between α and drug dose would be the reverse of
what is observed; that is, we had hypothesized that higher drug doses would induce resistance at a quicker
rate. A possible explanation for this behavior is that higher dosages may kill the sensitive cell population
(as a result of the increased value of dS) prior to the cell being able to transition to a resistant state.

The distributions of the resistant subpopulation parameters tell an interesting story about the behavior of
drug-resistant cells that form at higher drug doses. Focusing first on the growth rate rR, we observe the
expected relationship: this rate decreases as a function of drug dose. Interestingly, the order of magnitude
of the suboptimal growth rates are the same at the two lower doses of the drug. In particular, the suboptimal
values at the dose of 0.032 µM are in the range [0.0498, 0.0546]. For the dose of 0.32 µM, the range of
suboptimal parameter is [0.0353, 0.0445]. Although a dose-dependence between these lower doses exists,
the rR parameter is always on the order 10−2. We observe a different phenomenon at the highest dose of
3.2 µM, where more than 98% of the suboptimal parameters are on the order of 10−3. Similarly, suboptimal
values of the drug-induced death rate dR range from [0.0001, 0.0417] at the highest drug concentration, as
compared to [0.0581, 0.0752] at the intermediate concentration and [0.0691, 0.0779] at the lowest concen-
tration. Taken together, we find that resistant cells that were induced by the highest drug concentration grow,
and are killed by the drug, at significantly lower rates than at intermediate and low drug concentrations. This
result is worth comparing to a finding in [32] that COLO858 cells treated at a dose of 3.2 µM exhibit one
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Figure 3: Practical identifiability of parameters in two-population model. Distribution of parameters that
yield model fits within 5% of the optimal parametrization for three doses: 0.032 µM in blue, 0.32 µM in red,
and 3.2 µM in yellow. Below each distribution, the mean is provided, along with the coefficient of variation
(CV). Plots are shown for (a) rS , (b) dS , (c) α, (d) rR, and (e) dR.
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of the three responses: rapid death, quiescence (the cells were observed to survive, but not divide, in the
120 hour experimental time window), and resistant-like behavior where the surviving cells divide at much
lower rates than observed in the absence of drug. The fact that, only at the highest dose in our model, the
resistant subpopulation takes on quiescent-like behavior (very slow growth and death) seems consistent with
the response to high drug doses in [32].

We also observe an interesting relationship between the net resistant growth rate, rR − dR, and dose, which
is provided in the last row of Table 1. As this rate is always negative, we see that all of the applied doses
are able to asymptotically eliminate the resistant population. However, this net rate is most negative at the
intermediate dose of 0.32 µM, suggesting that intermediate dosing regimens may be more effective than
a maximally tolerated dose (MTD) inspired strategy. This is investigated more thoroughly in Section 4.4,
where we formulate an optimal control problem to determine the effectiveness of different treatment proto-
cols. Note that rR−dR represents the asymptotic net growth rate of the resistant population, as the sensitive
population is always eliminated (rS − dS is negative for all doses in Table 1).

Taken together, the tight distribution of the best fit parameter values across three drug concentrations, as
well as the monotonicity of the parameter distributions as a function of drug concentration, lends support to
the sufficiency of the two-compartment model proposed of drug-induced resistance in equations (16) - (17).
We believe that these results, with its concomitant quantitative unraveling of the contributions of the two
subpopulations as shown in Figure 2, reveal a biologically meaningful clustering of cells into just two major
subclasses; we note that is this an experimentally testable hypothesis, as is briefly discussed in Section 6.
However, it is reasonable to ask whether the resistant and quiescent cells should be modeled separately, given
the three distinct responses to high drug concentrations observed in [32]. We explore this in the following
section.

4.2 A finer-grained three-population model does not substantially improve fits to data

Given that experimental data indicates the presence of a subpopulation of quiescent cells at the highest drug
dose that is distinct from the resistant subpopulation, we next explored whether a three population model
that accounts for both a quiescent and a resistant subpopulation would better describe the experimental data.
The three-population model we consider is a direct extension of our two-population model:

Ṡ = rSS − dS(1− e−γ1t)S − q(1− e−γ2t)S (26)

Q̇ = q(1− e−γ2t)S − βQ (27)

Ṙ = βQ+ rRR− dR(1− e−γ1t)R. (28)

In this model, Q represents the normalized number of quiescent cells, and it is assumed that cells must
pass through the quiescent state before becoming resistant. The drug-induced transition of sensitive cells
to quiescent cells occurs at rate q, and quiescent cells transition to resistant at rate β. Other than these
changes, the three-population model has the same assumptions as the two-population model, and all common
parameters have the same definition as the two-population model. We again assume that γ1 = γ2 = 0.01,
and that the initial population is composed of all sensitive cells, here meaning S(0) = 1, Q(0) = R(0) = 0.

The best fits of the three-population model to the experimental cell counts at a dose of 0.032, 0.32 and
3.2 µM are shown in Figure 4(a)-(c). Although excellent fits to the data are obtained, the fits do not show any
noticeable improvements from the two-population model (see Fig. 2). This visual observation is confirmed
by comparing the optimal value of the cost function using the two- and three-population model (Figure 4(d)).
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Figure 4: Model fits for the three-population model. Best model fits are shown at a drug concentration of
(a) 0.032 µM, (b) 0.32 µM, and (c) 3.2 µM. (d) The optimal value of the cost function, ζopt when data from
each dose is fit using either the 2-population or the 3-population model.

Plots of the suboptimal parameter distributions for the three-population model (Fig. 5) further highlight
the lack of necessity of a three-population model, as many of the model parameters are non-identifiable.
The exception to this are the parameters describing the sensitive cells. Not only do rS and dS have tight
distributions in the three-population, the distributions are incredibly similar to the two-population case in
Fig. 3. The lack of identifiability is demonstrated quite clearly for the resistant cell parameters at the dose
of 3.2 µM. While the resistant cell growth rate rR behaves quite similarly in the two- and three-population
model at lower doses, at the dose of 3.2 µM, the suboptimal parameters for the three-population model
extend over a very wide range of values, indicating that we do not have sufficient data to identify the value of
the parameter in this case. Interestingly, the drug-induced death rate dR of resistant cells differs across doses
when comparing the two- and three-population model. Though, just like with rR the loss of identifiability
is most apparent at the highest drug dose. Interestingly, the transition parameters q and β preserve their
identifiability at higher drug doses, but lose identifiability at the lowest dose of 0.032 µM. Taken together,
this analysis indicates that a number of model parameters cannot be adequately identified given the available
data when using the three-population model. The absence of improvement in model fits, coupled with the
lack of identifiability of model parameters, lends strong support to the sufficiency of the two-population
model.
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Figure 5: Practical identifiability of parameters in the three-population model. Distribution of parameters
that give fits within 5% of the optimal parametrization for three-population model at three doses: 0.032 µM
in blue, 0.32 µM in red, and 3.2 µM in yellow. Plots are shown for (a) rS , (b) dS , (c) q, (d) β, (e) rR, and
(f) dR.

4.3 Predicting population response at other doses

Given our choice to proceed with the two-population model, we next turned to validation of that model.
Model fitting was performed for doses of 0.032 = 10−1.5µM, 0.32 = 10−0.5µM, and 3.2 = 100.5µM, with
data at the doses of 0.1 = 10−1µM and 1 = 100µM withheld for validation purposes. Observing that all
experimental doses are uniformly spaced on a log 10 scale, we performed a piecewise linear interpolation
of the best-fit parameters in Table 1 as a function of the log (base 10) of drug concentration. We used the
interpolation to predict parameter values for log-dose values of {−1, 0}; that is, for doses of 0.1µM and
1µM. The interpolation process and resulting parameters are shown in Fig. A.1.

In Fig. 6, we illustrate the goodness-of-fit of the model solved at the interpolated parameter sets to the in vitro
cell count data at the dose of 0.1 and 1 µM. We observe that the model is able to well-capture the qualitative
dynamics of tumor growth at the two doses that were withheld for fitting purposes. Quantitatively, the fits
are quite good, though there are some notable shortcomings. At the 0.1 µM dose, model predictions are at
the upper bound of the experimental data. At the 1 µM dose, the model predicts that the normalized cell
counts achieves its maximum several hours earlier than is observed in the data, while also predicting local
minimum around hour 40 that is not seen in the in vitro data. Given that parameters at both doses were
obtained by a simple piecewise linear interpolation of parameter values obtained at other doses, the quality
of these predictions does indicate that our model capable of describing COLO858 response to a wide range
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of vemurafenib doses.

Figure 6: Data and model predictions using interpolated parameters. Predictions are shown at a drug con-
centration of (a) 0.1 µM and (b) 1 µM.

4.4 Optimal control results

The parameterization of the two-compartment model in Table 1 suggests that high drug doses may not be
optimal. While the induction rate α decreases as a function of dose, the drug-induced resistant cells are
actually most-targetable at an intermediate drug dose. This can be seen in the values of resistant cell net
growth rate inclusive of drug effect rR−dR in Table 1. The larger the value of rR−dR the “more resistant”
the drug-induced phenotype is. As this combined parameter is minimized at the intermediate dose of 0.32
µM, and the induced resistance rate is not maximal at this dose, together this indicates an intermediate dose
of drug may be optimal.

As our mathematical model has been calibrated and validated on a numbers of doses, we can use it to de-
termine theoretical optimal dosing strategies, as well as how close “standard” dosing protocols are to being
optimal. Here, we explore solution to the optimal control problem posed in Section 3.3. In particular, we
numerically solve (23) subject to (24) and (25) via CasADI, where we have constructed smooth approxi-
mations to the rate function θ(u) as discussed in Section A.3. Recall that we are interested in minimizing
the cancer cell population S + R at a time tf ; as our model is only validated on the experimental time
window t ∈ [0, 100] hours, we fix tf = 100 hours (see Figure 2, for example). We also assume an inter-
mediate total applied dosage of M = 100µM hours, which corresponds to the constant dose of u ≡ 1µM
applied throughout [0, tf ]. The computed optimal control, as well as the population response, is provided
in Figure 7. We also include a comparison with a number of other dosing strategies, including a constant
intermediate dose, two maximally tolerated dose (MTD) strategies (one where the dose is applied at the
beginning of the treatment, and the other where it is applied at the end), as well as a periodic “bang-bang”
switching strategy. Note that all applied controls, including the optimal control, reach the upper bound on
the total applied dosage M , and thus are all comparable with respect to the total amount of applied drug.

The structure of the computed optimal control confirms the prediction discussed in Section 4.1 regarding
the optimality of intermediate doses: the optimal dosing regimen remains well below the upper bound of
3.2µM. Moreover, while this control may be difficult or even impossible to implement, we observe that it
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Figure 7: Response of cell population to applied controls. Control strategies considered appear on the
left, and include the numerically computed optimal control (black) a constant intermediate dose (blue), a
maximal tolerated dose applied at the onset of therapy (green), a maximal tolerated dose applied at the end of
therapy (gold), and a pulsed “bang-bang” strategy with four “on” cycles (red, dotted). All strategies obtain
the same total applied dosage of M = 100µM hours. Total cell population (N = S + R) responses are
provided in the right figure. Note that the numeric optimal control yields a smaller final tumor size compared
to the other strategies considered, but is comparable in value to the constant intermediate (i.e. metronomic)
therapy.

is well approximated by the constant intermediate dosing strategy u(t) ≡ 1µM. This is especially clear
when we compare the final cancer cell populations, with the optimal control only slightly outperforming
the constant strategy. As the constant therapy is an idealization of metronomic therapy (i.e. low dose,
frequently or continuously administered chemotherapy [46]), our results imply that such therapy is near
optimal. Comparing the population responses to the MTD therapies, we see that this is even more appar-
ent, as this approximate metronomic therapy results in substantially smaller relative number of cancer cells
(N(tf ) ≈ 1.61, 4.89, 2.83 for constant, initial MTD, and ending MTD, respectively). For this cell popula-
tion, it thus appears that MTD treatments are far from optimal, which is supported by a number of recent
experimental and theoretical studies [47–53]. Furthermore, although the optimal control yields a slightly
smaller final cancer size compared to constant therapy, it only achieves this result at the very end of the
therapeutic window, and for most of the experiment, constant therapy results in a smaller cancer burden
(e.g. the constant treatment has a smaller L1 norm).
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5 Comparisons With Other Mathematical Models

As discussed in Section 1, the mathematical model used in this paper is a modification of the one that we had
introduced in [33, 39]. In this section, we briefly review several deterministic alternative models of induced
resistance that have been proposed in the recent literature.Although different, some of these models share
important features with ours. See also the the review article [54].

The equations presented in the paper [55] model the dynamics of phenotypic adaptation in cell subpopula-
tions, both on- and off-treatment, by a monoclonal antibody therapy (cetuximab, used on colorectal cancer
cells). The equations during treatment are as follows:

Ṡ = λS − µS − δSe
−ktS

Ṙ = λR+ µS − δRe
−kte−wtR .

The cell proliferation rate λ is assumed to be the same in both sensitive (S) and resistant (R) populations.
When the treatment is on, S cells may acquire resistance, and they switch to R cells at a rate µ. Cytotoxic
effects on S and R are modeled by two linear terms, −δSe

−kt and −δRe
−kt respectively. The efficacy

of the drug is assumed here to diminish at an exponential rate e−kt, because of the declining function of
effector cells such as NK cells. The term e−wt is used to model transience of resistance, which evolves
under selective pressure at rate w. When the treatment is off, a different set of equations is used. In this
regime, resistant R cells switch back to sensitive cells S at a rate of µ̃, but no cell death is assumed:

Ṡ = λS + µ̃R

Ṙ = λR− µ̃R .

In contrast to our model, the rates of death of both the S and R subpopulations decrease with time (more for
R than for S due to the term e−wt representing transience of resistance), and the growth rates are the same
for both subpopulations.

The paper [56] employs a simpler model of resistance to targeted therapy (particular, the EGFR inhibitor
gefitinib) or classical chemotherapy (paclitaxel). The authors focus on the fact that, under therapy, tumor
volume initially decreases, but eventually increases again due to resistance. There is one tumor volume (or
total number of tumor cells) equation, which can also be found in [57]:

V̇ =
(
λ− δe−kt

)
V .

Here, δ > 0 quantifies the maximum drug effect, which occurs at the beginning of treatment. This effect
exponentially decreases as resistance arises, and λ > 0 represents the net growth rate after the drugs have
lost its effect due to resistance. It is assumed that δ > λ, so that at small times, prior to the emergence
of resistance, the drugs are effective (negative net growth rate). Observe that, in contrast to our model and
the model in [55], there is a single tumor volume equation instead of separate equations for sensitive and
resistant cells. Interestingly, if we set δR = δS = δ and w = 0 (no transience of resistance) in the model
in [55] then we recover these models from [56, 57] for the total cell population V = S +R.

The paper [58] employs a tumor growth model to evaluate patient-specific resistance to radiation combined
with pembrolizumab and bevacizumab treatments for high-grade glioma. There are two equations, one for
tumor growth dynamics and one for the death rate:

V̇ = (λ− γ)V

γ̇ = −kγ .
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where k indicates the rate at which resistance develops. With δ = γ(0), this can be summarized by dV/dt =
(λ− δe−kt)V , which is the same model as in [56, 57].

The paper [59] has a more complex model, involving three subpopulations: sensitive (S), persister (P ), and
resistant (R):

Ṡ = λS (1− βC)S log(K/V )

Ṗ = λP (1− µ)P log(K/V )

Ṙ = λRR log(K/V ) + λPµP log(K/V ) .

Here K is a carrying capacity term, V = S + P + R, λi are the Gompertz growth rate constants in the
absence of drug, a proportionality term βC models death of sensitive tumor cells as a function of drug
plasma concentration C(t), and the persister population P transitions to the resistant compartment with a
mutation probability µ. This model differs from ours in many ways, including the Gompertz growth term
(we tested Gompertz models and obtained poorer fits to our data), the lack of delays for drug action, and the
use of three compartments, which we found did not improve fits.

The paper [60] focuses on melanoma adaptive therapy through two ODE models of interactions between
drug-sensitive and resistant cells. In a first model, drug-sensitive (S) and drug-resistant (R) subpopulations
compete for limited resources through a classical Lotka-Volterra competition for resources mechanism:

Ṡ = λS

(
1− S +R

K

)
S − δS

Ṙ = λR

(
1− cS +R

K

)
R .

Here K is a carrying capacity and the parameter c quantifies the degree to which sensitive cells inhibit the
growth rate of resistant cells in comparison to resistance cells among themselves. The authors assume that
λS = 0 during treatment, because they model BRAF/MEK inhibitors which act through growth inhibition
as well as apoptosis (δ term). An alternative model proposed in the same paper sets c = 1 but incorpo-
rates phenotypic switching between drug-sensitive and drug-resistant cells, with induced transitions from
sensitive to resistant states (term αS) or vice-versa (term βR):

Ṡ = λS

(
1− S +R

K

)
S − αS + βR− δS

Ṙ = λR

(
1− S +R

K

)
R+ αS − βR .

It is assumed that the transition rate constant α is non-zero during treatment, and is zero otherwise, and that
the transition rate constant β is nonzero when treatment is off and is zero otherwise. This model is similar
in many ways to our model in [33], which is cited in [60], but with several important differences, including
the fact that the population-switching terms are only active during therapy or not, and that R cells are fully
resistant (no death term).

The paper [61] developed a model for induced resistance of colorectal cancer cells to targeted therapies. The
model has sensitive (S) and drug-tolerant persister (P ) populations:

ḋ =
(
λS − δS(u(t))− λ(u(t))

)
S

Ṗ = −δPP + λ(u(t))S .
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Drug-treated cells can die, replicate, or switch to a persister state P at a rate λ in a dose-dependent fashion
λ(u(t)). u(t) is the amount of drug at time t, and it is either constant or linearly increasing (see [61],
Supplementary Information, Extended Data Figure 5). Resistant cells are not explicitly modeled, because
it is assumed that persisters that attempt to divide before acquiring drug-resistance mutations die, and thus
a possible back-switching from persister to sensitive populations in the presence of drug would simply be
incorporated into their death rate. Note that the death rate δS(u(t)) of sensitive cells is assumed to be drug-
dependent, but that of persister cells is not. This model differs from ours in many ways, including the fact
that we have delays in drug action and phenotype transitions, and that a reverse phenotype transition back
to sensitive type is non-negligible (and needed for fits). Note, however, that our three-population equations
with a “quiescent” population could be thought of as having a persister compartment.

6 Conclusions

Drug-induced resistance is a major impediment to the success of targeted therapy. Yet, there are few mathe-
matical models that are both simple and give excellent fits to tumor cell count or volume data when resistance
is known to be induced by the drug. This paper describes a minimal mathematical model of drug-induced
resistance and shows that it is able to provide excellent fits to time-resolved in vitro experimental data. More-
over, using only such bulk data on total cell numbers, the model allows one to separate the contributions of
sensitive and resistance subpopulations and describes their dynamics. A theoretical identifiability analysis
demonstrated that the parameters of the proposed model are, in principle, uniquely obtainable from data. A
practical identifiability analysis showed tight confidence bounds on all parameters given the available data,
provided we only consider a sensitive and resistant subpopulation of cells. Practical identifiability is lost
in a finer-grained model that also includes a quiescent subpopulation. To determine the predictive power
of the model, we assessed its ability to predict data at two untrained drug doses. Excellent qualitative, and
reasonable quantitative, predictions were made by the model at both untrained doses. Using the validated
model, we numerically explored an optimal control problem, with the goal of minimizing the final cell count
subject to an applied dosage constraint. While we did identify a non-standard dosing strategy as the opti-
mal control, the optimal control only slightly outperformed a metronomic-like protocol of administering a
constant, lower dose of drug. On the other hand, maximal tolerated dose-like protocols proved to be far
inferior.

This study suggests a variety experimental follow-ups. One of the most important of these is the validation
of our predictions, at least qualitatively if not quantitatively, of the respective time-resolved contributions of
resistant and sensitive populations. Our mathematically derived S and R populations suggest the possibility
to group the distributions of mRNA, protein, or epigenetic dynamic signatures of individual cells into just
two major clusters with separate drug sensitivity and growth and death rates. These signatures might reflect
resistance markers, such as the increased expression of membrane transporters that enhance the efflux of
drugs as in the study [21]. Experimental tools that could be utilized to investigate this include the use of
single cell clonally-resolved transcriptome datasets (scRNA-seq) as in [62].

Another direction for work is the comparison of drug dosing strategies, for the same in vitro cell lines and
drugs, as investigated in the mathematically derived optimal control analysis (Section 4.4). Many natural
questions exist. For example, is a continuous-dose or a constant “metronomic” strategy actually superior to
an MTD approach? Are other periodic strategies superior in terms of the final population size at a specific
time horizon? Do pulsed strategies not afford any advantages, as with our example (red dashed curve) in
Figure 7?
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We speculated that the increase in growth rate of the sensitive tumor population may be due to its intrinsic
response to stress, which happens at a faster time scale than the emergence of the resistant population arising
from slower mechanisms such as epigenetic reprogramming. A deeper study of this issue is necessary. Is
this a true effect, due to different time scales for different forms of resistance, with faster time scale signaling
processes being reflected in rS and slower gene expression or even epigenetic modifications leading to an
increase in the delayed death rate dS? Identifying such mechanisms and then blocking their action may
elucidate the relation between these two dose-dependent effects.

Of course, the development of similar models for other rich time-resolved data sources would also be of
interest. Different cell lines and different drug choices will affect the parameters differently, through inter-
ference with metabolic processes or disruption of regulatory feedback loops.
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A Appendix

A.1 Setting for fmincon

These are the settings used in the fmincon MATLAB® code.

Setting Value
MaxFunctionEvaluations 30,000
Lower bound: rS 0.001
Lower bound: all other parameters 10−6

Upper bound: rS 0.15
Lower bound: all other parameters 0.6

Table A.1: Settings used in MATLAB’s implementation of fmincon.

A.2 Parameter interpolation

Figure A.1: Parameter predictions. Piecewise linear interpolation (dashed blue line) of best-fit parameter
values at drug concentrations 0.032, 0.32 and 3.2 µM to predict parameter value at withheld concentrations
of 0.1 and 1 µM.
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A.3 Rate approximation

We have fit the two-compartment model (16)- (17) to obtain parameter values as a function of dose; see
Table 1 for the estimated parameters θ = θ(u), where

θ(u) := (rS(u), dS(u), α(u), rR(u), dR(u)). (29)

Recall that the drug-induced delay terms (γ1,2) were not fit, but fixed at a value of 0.01 per hour. Our
work in Sections 4.1 and 4.3 suggests that linearly interpolating the rate parameters θ with respect to the
logarithm (base 10) of the dose provides close agreement to the experimental data. Thus, utilizing such an
interpolating, we can obtain expressions for the rate parameters for all doses between 0.032µM and 3.2µM:

θ(u), u ∈ [0.032, 3.2]µM. (30)

This interpolation is shown in Figure A.1.

As our objective in this section is to formulate and solve an optimal control problem, it will be numerically
advantageous to assume that the vector field is smooth. More specifically, we will utilize CasADI [63], an
open-source framework for nonlinear optimization and optimal control, which relies on the Interior Point
Optimizer (Ipopt) software package to solve nonlinear programming problems. Here multiple shooting
methods are utilized to transform the original optimal control problem to a constrained nonlinear program-
ming problem, which is then solved via Ipopt. As Ipopt implements an interior line search method, it as-
sumes that the objective is at least twice continuously differentiable [64], which is generally not satisfied by
the function θ(u) in Figure A.1; recall θ(u) is derived from piecewise-linear interpolation on the logarithm
of the doses. Thus, we approximate the piecewise-linear rate functions by degree three polynomials using
standard least-squares regression; the original and approximating expressions are provided in Figure A.2.
As the polynomial approximations closely match the piecewise-linear curves (in both the logarithmic and
linear scales), for the remainder of the manuscript, we define θ(u) by the polynomial approximations in
Figure A.2.

A.4 Structural identifiability analysis

Our model (16)-(17), with fixed γ1 = γ2, is locally structurally identifiable in the following sense. Consider
the set P of all possible parameters θ of the form

θ = (rS , dS , α, rR, dR) .

We assume that the initial conditions are S(0) = 1, R(0) = 0 (normalized cell counts). Local structural
identifiability is a “well-posedness” property: it asks if different (but close by) parameters θ1 and θ2 should
give different total cell counts S(t) + R(t). In other words, from (perfect) time-resolved measurements
of S(t) + R(t), one should in theory be able to recover all parameters in a neighborhood of a given one.
Structural identifiability analysis deals with the ideal case in which there are no measurement errors or
replication variability. Although this is not a realistic assumption in practice, the goal of this analysis is to
determine if there are parameter combinations that are redundant, in which case numerical fitting methods
would not provide interpretable parameters due to non-uniqueness.

In the field of structural identifiability, one often looks for generic results. (Genericity is used in order to
ignore accidental equalities. For example, if we are given the expression px and we with to determine x, this
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Figure A.2: Rate parameters rS , dS , α, rR, and dR in system (16) - (17) as a function of dose u. Red circles
denote fits from experimental data, blue crosses denotes piecewise-linear interpolation (on the log scale with
respect to dose), and the dotted black curve denotes a third-degree polynomial approximation to the data.
The left column represents each rate parameter as a function of the logarithm of the dose, while the right
provides the same relationship with dose scaled linearly. Compare to Figure A.1.
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can always be done unless p happens to be zero, which is a very special parameter value.) Mathematically,
we use the terminology in [65]: genericity means that there exists a “Zariski open” subset P0 of P so that
the identifiability property holds for pairs of vectors θ1 and θ2 in P0. A Zariski open set is defined by
the non-vanishing of a nontrivial polynomial. Such a set is “generic” in the sense that its complement has
(Lebesgue) measure zero, so with “probability 1” a randomly chosen set of parameters will be identifiable.
We assume that γ1 = γ2 = γ is fixed and known. For showing identifiability, we can then take without loss
of generality γ = 1 (the general case can be reduced to this one by a time-reparametrization, multiplying all
parameters by the known γ). To simplify, we introduce new parameters

a := rS − dS − α, b := dS + α, c := α, d := dR, f := rR − dR.

Identifiabilty with these new parameters is equivalent to the original ones, since the two sets are related by
an invertible linear transformation. Our equations (16)-(17) become, with these notations:

Ṡ =
(
a+ be−t

)
S

Ṙ =
(
c− ce−t

)
S +

(
f + de−t

)
R.

We view y(t) = S(t) + R(t) as the “measured output” of this system and compute the first five derivatives
at time t = 0: y′(0) to y(5)(0). These derivatives are polynomial functions of the parameters. These
computations can be done in closed form, using the product rule. For example, S′(0) = a+b and R′(0) = 0
(recall that S(0) = 1 and R(0) = 0). Similarly, S′′(t) = [(a + be−t)S(t)]′ = −be−tS(t) + [(a +
be−t)]S′(t) = −be−tS(t)+[(a+be−t)]2, and hence S′′(0) = −b+(a+b)2. One has y′(0) = a+b, y”(0) =
c−b−(d+f)(b−(a+b)2)+(a+b)2, and so forth. Let us call F the mapping from the 5-vectors of parameters
(a, b, c, f, e) into the 5-vector of output derivatives at time 0, (y′(0), y”(0), y(3)(0), y(4)(0), y(5)(0)). The
Jacobian of J is a 5 × 5 matrix of parameters which will be nonsingular except at those parameter vectors
where its determinant D is zero. Since D is a polynomial function of the parameters, nonsingularity holds on
the Zariski open subset consisting of parameters for which D(a, b, c, d, f) is nonzero. The Implicit Mapping
theorem then guarantees that this mapping is locally invertible around such points, meaning that one has at
least identifiability in a local sense (any distinct but two close enough parameters give distinct outputs). It
remains to actually verify that D is a nonzero polynomial. This can be done explicitly, For example when
evaluated at a = 2 and b = c = d = f = 0, one computes D(2, 0, 0, 0, 0) = 576, which is nonzero.
(Computations not shown.) This completes the proof of local generic identifiability.

It is also possible go further, and conclude global generic identifiability as well. To do this, we may apply
a computational package such as the Structural Identifiability Toolbox (SIAN) [66]. In order to apply this
software, we need to transform our system into one given by a polynomial system of equations. Thus we
study instead the following system:

Ẋ = −X

Ṡ = aS + bXS

Ṙ = cS + fR− cXS + dXR

with outputs S + R and X . The software package SIAN (run online1) confirms global (generic) identifi-
ability of this system, even when initial states are unknown and need to be identified simultaneously with
the parameters. We also verified the local identifiability property using an alternative package, STRIKE-
GOLDD [67], confirming the result.

1available online at https://maple.cloud/app/6509768948056064
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It is interesting to note that the delay terms are essential for structural identifiability. If γ = 0 (no delay), the
equations would become:

Ṡ = (a+ b)S

Ṙ = (f + d)R,

and is in that case impossible to distinguish between pairs (a, b) with the same sum a + b, nor pairs (d, f)
with the same d+ f
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